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1. Ëèíåéíûå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé c ïîñòîÿí-
íûìè êîýôôèöèåíòàìè
1.1. Îáùàÿ ëèíåéíàÿ îäíîðîäíàÿ ñèñòåìà c ïîñòîÿííûìè êîýôôèöèåíòàìè.
Ìåòîä èñêëþ÷åíèÿ
Ýòà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé èìååò âèä
nX
i=1
Lji (p)xi(t) = fj(t); j = 1; : : : ; n: (1.1)
Çäåñü t  íåçàâèñèìàÿ ïåðåìåííàÿ, x1(t), . . . , xn(t)  íåèçâåñòíûå ôóíêöèè,
Lji (p), i; j = 1; : : : ; n,  ìíîãî÷ëåíû îò îïåðàòîðà äèôôåðåíöèðîâàíèÿ p
ñ ïîñòîÿííûìè äåéñòâèòåëüíûìè êîýôôèöèåíòàìè (ñì. ×àñòü 1, ï. 10.1), à
fj(t), j = 1; : : : ; n,  çàäàííûå, äîñòàòî÷íîå ÷èñëî ðàç äèôôåðåíöèðóåìûå
ôóíêöèè. ×èñëî óðàâíåíèé ñèñòåìû ðàâíî ÷èñëó íåèçâåñòíûõ ôóíêöèé. Òà-
êèì îáðàçîì, êàæäîå ñëàãàåìîå Lji (p)xi ïðåäñòàâëÿåò ñîáîé ëèíåéíóþ êîì-
áèíàöèþ ôóíêöèè xi(t) è åå ïðîèçâîäíûõ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè:
Lji (p)xi  aj0;ix(si)i + aj1;ix(si 1)i + : : :+ ajsi 1;ix0i + ajsi;ixi; j = 1; : : : ; n;
ãäå si  ïîðÿäîê ñèñòåìû (1.1) îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè xi (ïî-
ðÿäîê íàèâûñøåé ïðîèçâîäíîé ôóíêöèè xi , âõîäÿùåé â óðàâíåíèÿ ñèñòåìû).
Òîãäà ÷èñëî m = s1 + : : :+ sn íàçûâàåòñÿ ïîðÿäêîì ýòîé ñèñòåìû.
Îáîçíà÷èì ÷åðåç L(p) ìàòðèöó ýòîé ñèñòåìû:
L(p) =
0B@ L11(p)    L1n(p)... . . . ...
Ln1(p)    Lnn(p)
1CA : (1.2)
Ïóñòü D(p) = detL(p)  îïðåäåëèòåëü ìàòðèöû ñèñòåìû (1.1). Îí ÿâëÿåòñÿ
ìíîãî÷ëåíîì îò p ñ ïîñòîÿííûìè äåéñòâèòåëüíûìè êîýôôèöèåíòàìè íåêî-
òîðîé ñòåïåíè q , ãäå q 6 m. Ðåøåíèåì ñèñòåìû (1.1) íàçûâàåòñÿ íàáîð äî-
ñòàòî÷íîå ÷èñëî ðàç äèôôåðåíöèðóåìûõ ôóíêöèé x1(t), . . . , xn(t), êîòîðûå
ïðè ïîäñòàíîâêå â óðàâíåíèÿ ñèñòåìû, îáðàùàþò èõ â òîæäåñòâà. Îáîçíà÷èì
÷åðåç M ij(p) àëãåáðàè÷åñêîå äîïîëíåíèå (ò.å., ìèíîð, âçÿòûé ñ íàäëåæàùèì
çíàêîì) ýëåìåíòà Lji (p) ìàòðèöû (1.2). Ñïðàâåäëèâî ñëåäóþùåå òîæäåñòâî:
nX
j=1
M ij(p)L
j
k(p) = 
i
kD(p);
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ãäå ik  ñèìâîë Êðîíåêåðà (
i
i = 1, 
i
k = 0 ïðè i 6= k). Ïóñòü íàáîð ôóíêöèé
x1(t), . . . , xn(t) åñòü ðåøåíèå ñèñòåìû (1.1). Ïðèìåíÿÿ ê óðàâíåíèÿì ñèñòåìû
äèôôåðåíöèàëüíûå îïåðàòîðû M i1(p), M
i
2(p), . . . , M
i
n(p) ñîîòâåòñòâåííî è
ñêëàäûâàÿ ïîëó÷åííûå óðàâíåíèÿ ïîëó÷èì, ÷òî ôóíêöèÿ xi(t) ýòîãî íàáîðà
áóäåò ðåøåíèåì óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè
D(p)xi =
nX
j=1
M ij(p)fj(t); i = 1; : : : ; n: (1.3)
Îáðàòíîå íåâåðíî. Åñëè âçÿòü ïðîèçâîëüíûå ðåøåíèÿ xi(t) óðàâíåíèé (1.3)
è ñîñòàâèòü íàáîð ôóíêöèé x1(t), . . . , xn(t), òî ýòîò íàáîð, âîîáùå ãîâîðÿ,
íå áóäåò ðåøåíèåì ñèñòåìû (1.1). Äëÿ òîãî ÷òîáû íàéòè îáùåå ðåøåíèå ñè-
ñòåìû (1.1), íóæíî íàéòè îáùåå ðåøåíèå xi(t) êàæäîãî èç óðàâíåíèé (1.3),
i = 1; : : : ; n, èç íèõ ñîñòàâèòü íàáîð ôóíêöèé x1(t), . . . , xn(t) è âûÿñíèòü, ïðè
êàêèõ ñîîòíîøåíèÿõ ìåæäó ïîñòîÿííûìè èíòåãðèðîâàíèÿ ýòîò íàáîð ôóíê-
öèé áóäåò ðåøåíèåì ñèñòåìû (1.1).
Ïðèìåð 1. Ðàññìîòðèì ñèñòåìó óðàâíåíèé
x+ x  _y = t;
x  x  _y + y = cos t:
Ðåøåíèå. Çàïèøåì ñèñòåìó â îïåðàòîðíîì âèäå (1.1):(
(p2 + 1)x  py = t
(p2   1)x+ ( p+ 1)y = cos t:
Îïðåäåëèòåëåì D(p) ìàòðèöû (1.2) ýòîé ñèñòåìû ÿâëÿåòñÿ ìíîãî÷ëåí
D(p) =
 p2 + 1  pp2   1  p+ 1
 = p2   2p+ 1;
à ñîîòâåòñòâóþùèå àëãåáðàè÷åñêèå äîïîëíåíèÿ ðàâíû
M 11 (p) =  p+ 1; M 12 (p) = p; M 21 (p) =  p2 + 1; M 22 (p) = p2 + 1:
Ïðèìåíÿÿ ê ïåðâîìó óðàâíåíèþ äèôôåðåíöèàëüíûé îïåðàòîð M 11 (p); à ê
âòîðîìó  M 12 (p); ïîëó÷èì äëÿ x(t) óðàâíåíèå
x  2 _x+ x = t  1  sin t:
Ïðèìåíÿÿ äèôôåðåíöèàëüíûå îïåðàòîðû M 21 (p) è M
2
2 (p) ñîîòâåòñòâåííî,
ïðèäåì ê óðàâíåíèþ (1.3) äëÿ y(t) :
y   2 _y + y = t:
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Îáùèå ðåøåíèÿ ýòèõ óðàâíåíèé (èõ ìîæíî íàéòè èñïîëüçóÿ ìåòîä íåîïðåäå-
ëåííûõ êîýôôèöèåíòîâ, ñì. ×àñòü 1, ï. 10.2) èìåþò âèä
x = (at+ b)et + t+ 1  1
2
cos t; y = (ct+ d)et + t+ 2:
Ïîäñòàâèâ ýòè ôóíêöèè â óðàâíåíèÿ ñèñòåìû, è ñîêðàòèâ íà et , ïðèäåì ê
òîæäåñòâàì:
(2a  c)t+ 2a+ 2b  d  c = 0; 2a  c = 0:
Îòêóäà c = 2a, d = 2b: Ïîëàãàÿ a = C1 , b = C2; îáùåå ðåøåíèå ñèñòåìû
çàïèøåì ñëåäóþùèì îáðàçîì:
x = (C1t+ C2)e
t + t+ 1  1
2
cos t; y = 2(C1t+ C2)e
t + t+ 2:
Ðàññìîòðèì îäíîðîäíóþ ñèñòåìó
nX
i=1
Lji (p)xi(t) = 0; j = 1; : : : ; n: (1.4)
Â òîì ñëó÷àå, êîãäà íàáîð ôóíêöèé x1(t), . . . , xn(t) ÿâëÿåòñÿ ðåøåíèåì ñè-
ñòåìû (1.4), êàæäàÿ ôóíêöèÿ xi(t) ýòîãî íàáîðà áóäåò íåêîòîðûì ðåøåíèåì
ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè
D(p)xi = 0; i = 1; : : : ; n: (1.5)
ïîðÿäêà q . Îäíàêî, åñëè ñîñòàâèòü íàáîð èç n ïðîèçâîëüíûõ ðåøåíèé óðàâ-
íåíèÿ (1.5), òî òàêîé íàáîð x1(t), . . . , xn(t), êàê è â ñëó÷àå ñèñòåìû (1.1),
òàêæå íå áóäåò ðåøåíèåì ñèñòåìû (1.4).
Ïóñòü p =   êîðåíü ìíîãî÷ëåíà D(p) êðàòíîñòè k . Òîãäà ðåøåíèå
ñèñòåìû (1.4) èùóò â âèäå
x(t) = g(t)et; (1.6)
ãäå x = (x1; : : : ; xn)  èñêîìàÿ âåêòîð-ôóíêöèÿ, à g  âåêòîðíûé ìíîãî÷ëåí,
êîìïîíåíòàìè êîòîðîãî ñëóæàò ìíîãî÷ëåíû ñòåïåíè k 1 ñ íåîïðåäåëåííûìè
êîýôôèöèåíòàìè. Ëþáîå ðåøåíèå ñèñòåìû (1.4) âèäà (1.6) íàçûâàåòñÿ ðåøå-
íèåì, ñîîòâåòñòâóþùèì êîðíþ . Ïîäñòàâèâ (1.6) â (1.4), ñîêðàòèâ íà et
è ïðèðàâíÿâ íóëþ êîýôôèöèåíòû ïðè âñåõ ñòåïåíÿõ t ìíîãî÷ëåíîâ, ñòîÿùèõ
â ëåâûõ ÷àñòÿõ ïîëó÷åííûõ òîæäåñòâ, ïðèäåì ê ëèíåéíîé îäíîðîäíîé àëãåá-
ðàè÷åñêîé ñèñòåìå nk óðàâíåíèé äëÿ îïðåäåëåíèÿ òàêîãî æå ÷èñëà êîýôôè-
öèåíòîâ ìíîãî÷ëåíà g(t): Îáîçíà÷èâ ÷åðåç r ðàíã ìàòðèöû ýòîé ñèñòåìû,
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ïîëó÷èì, ÷òî ðåøåíèå, ñîîòâåòñòâóþùåå êîðíþ  áóäåò ëèíåéíî çàâèñåòü îò
nk   r ïðîèçâîëüíûõ ïîñòîÿííûõ.
Ïóñòü, òåïåðü 1 , . . . , m  ñîâîêóïíîñòü âñåõ ðàçëè÷íûõ êîðíåé ìíîãî-
÷ëåíà D(p) êðàòíîñòåé k1 , . . . , km ñîîòâåòñòâåííî, òàê, ÷òî k1+ : : :+km = q:
Åñëè x1 , . . . , xm  ðåøåíèÿ ñèñòåìû (1.4), ñîîòâåòñòâóþùèå êîðíÿì 1 , . . . ,
m; òî îáùåå ðåøåíèå ñèñòåìû èìååò âèä
x(t) = x1 + : : :+ xm: (1.7)
Ïóñòü   âåùåñòâåííûé êîðåíü D(p): Òàê êàê êîýôôèöèåíòû ìíîãî-
÷ëåíà D(p) âåùåñòâåííûå, òî ðåøåíèå âèäà (1.6), ñîîòâåòñòâóþùåå ýòîìó
êîðíþ, áóäåò âåùåñòâåííûì, åñëè âõîäÿùèå â íåãî ïðîèçâîëüíûå ïîñòîÿííûå
ñ÷èòàòü âåùåñòâåííûìè. Åñëè   êîìïëåêñíûé êîðåíü ìíîãî÷ëåíà D(p), òî
ñîïðÿæåííîå ÷èñëî  òàêæå áóäåò êîðíåì ýòîãî ìíîãî÷ëåíà, ïðè÷åì òîé æå
êðàòíîñòè. Ïóñòü
x(t) = g(t)et
åñòü ðåøåíèå, ñîîòâåòñòâóþùåå êîðíþ . Ñ÷èòàÿ âõîäÿùèå â íåãî ïðîèçâîëü-
íûå ïîñòîÿííûå êîìïëåêñíûìè, ïîëó÷èì êîìïëåêñíîå ðåøåíèå ñèñòåìû (1.4),
ñîîòâåòñòâóþùåå ýòîìó êîðíþ. Òàê êàê ñèñòåìà (1.4) èìååò âåùåñòâåííûå êî-
ýôôèöèåíòû, òî åå ðåøåíèåì, ñîîòâåòñòâóþùèì êîðíþ , áóäåò
x(t) = g(t)et:
Òîãäà ñóììà x + x = 2Re(x), âõîäÿùàÿ â (1.7), áóäåò âåùåñòâåííîé. Ïî-
ýòîìó â ñëó÷àå êîìïëåêñíîãî êîðíÿ  ðåøåíèå, ñîîòâåòñòâóþùåå êîðíþ ,
èñêàòü íåîáÿçàòåëüíî. Äîñòàòî÷íî íàéòè ëèøü êîìïëåêñíîå ðåøåíèå, ñîîò-
âåòñòâóþùåå êîðíþ , è âçÿòü åãî âåùåñòâåííóþ ÷àñòü (ìíîæèòåëü 2 ìîæíî
îïóñòèòü).
Ïðèìåð 2. Ðàññìîòðèì ñèñòåìó
x+ _x  2x+ y   y = 0;
_x+ _y + y = 0:
Ðåøåíèå. Çàïèøåì ñèñòåìó â îïåðàòîðíîì âèäå (1.4):(
(p2 + p  2)x+ (p2   1)y = 0
px+ (p+ 1)y = 0:
Ìíîãî÷ëåí
D(p) =
 p2 + p  2 p2   1p p+ 1
 = 2p2   2
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èìååò äâà ïðîñòûõ âåùåñòâåííûõ êîðíÿ p1 = 1, p2 =  1. Ðåøåíèå, ñîîòâåò-
ñòâóþùåå êîðíþ p1 = 1, èùåì â âèäå:
x = aet; y = bet:
Ïîäñòàâëÿÿ ýòî ðåøåíèå âî âòîðîå óðàâíåíèå èñõîäíîé ñèñòåìû, ïîñëå ñîêðà-
ùåíèÿ íà et ïîëó÷èì a+2b = 0 èëè b =  C1 , a = 2C1 (ïîäñòàíîâêà â ïåðâîå
óðàâíåíèå ñèñòåìû äàåò òîò æå ðåçóëüòàò). Òîãäà ðåøåíèå, ñîîòâåòñòâóþùåå
ýòîìó êîðíþ, çàïèøåòñÿ òàê:
x1 = 2C1e
t; y1 =  C1et:
Ðåøåíèå, ñîîòâåòñòâóþùåå êîðíþ p2 =  1, èùåì â âèäå:
x = ae t; y = be t;
÷òî, ïîñëå àíàëîãè÷íûõ âû÷èñëåíèé, äàåò (a = 0, b = C2)
x2 = 0; y2 = C2e
 t:
Ïîýòîìó, ñîãëàñíî (1.7), îáùåå ðåøåíèå ñèñòåìû äàåòñÿ ôîðìóëîé
x = x1 + x2 = 2C1e
t; y = y1 + y2 =  C1et + C2e t:
Ïðèìåð 3. Ðåøèì ñèñòåìó
x+ _x+ _y + y = 0;
_x+ x+ 2y = 0:
Ðåøåíèå. Ìíîãî÷ëåí D(p) ýòîé ñèñòåìû ðàâåí D(p) = (p   1)2 è èìååò
îäèí äâóêðàòíûé êîðåíü p = 1: Ïîýòîìó ðåøåíèå ñèñòåìû, ñîîòâåòñòâóþùåå
ýòîìó êîðíþ, èùåì â âèäå (1.6) (ïðè n = 2, k = 2):
x = (at+ b)et; y = (ct+ d)et;
â êîòîðîì a, b, c, d  íåîïðåäåëåííûå êîýôôèöèåíòû. Ïîäñòàâèâ ýòè ñî-
îòíîøåíèÿ â èñõîäíóþ ñèñòåìó è ñîêðàòèâ íà et , ïðèäåì ê íåîáõîäèìîñòè
âûïîëíåíèÿ òîæäåñòâ
2(a+ c)t+ 2a+ 2b+ c+ 2d  0; 2(a+ c)t+ a+ 2b+ 2d  0:
Ïðèðàâíÿâ ê íóëþ êîýôôèöèåíòû ïðè âñåõ ñòåïåíÿõ t, ïîëó÷èì ëèíåéíóþ
îäíîðîäíóþ àëãåáðàè÷åñêóþ ñèñòåìó ÷åòûðåõ óðàâíåíèé äëÿ îïðåäåëåíèÿ êî-
ýôôèöèåíòîâ a, b, c, d. Òàê êàê ðàíã ìàòðèöû ïîëó÷åííîé ñèñòåìû ðàâåí
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äâóì, òî, ïîëîæèâ a = 2C1 , b = C2 , íàéäåì c =  2C1 , d =  C1   C2 .
Ïîýòîìó îáùåå ðåøåíèå èñõîäíîé ñèñòåìû ìîæíî çàïèñàòü â âèäå
x = (2C1t+ C2)e
t; y = ( 2C1t  C1   C2)et:
Ïðèìåð 4. 
x  _x+ yIV + y = 0;
x+ y + _y = 0:
Ðåøåíèå. Ìíîãî÷ëåí D(p) ñèñòåìû èìååò äâà ïðîñòûõ êîìïëåêñíûõ êîð-
íÿ p1 = i è p2 =  i. Ðåøåíèå, ñîîòâåòñòâóþùåå êîðíþ p = i, èùåì â âèäå
x = aeit; y = beit:
Ïîäñòàâèâ åãî âî âòîðîå óðàâíåíèå ñèñòåìû, íàéäåì a = (1   i)b. Âîçüìåì
b = C1 + iC2 . Òîãäà
x = (1  i)(C1 + iC2)eit; y = (C1 + iC2)eit
åñòü êîìïëåêñíîçíà÷íîå ðåøåíèå ñèñòåìû, ñîîòâåòñòâóþùåå êîðíþ p = i.
Êàê áûëî ñêàçàíî âûøå, ðåøåíèå ñèñòåìû, ñîîòâåòñòâóþùåå êîìïëåêñíî ñî-
ïðÿæåííîìó êîðíþ p =  i, èñêàòü íåò íåîáõîäèìîñòè, à ìîæíî ñðàçó çàïè-
ñàòü åå îáùåå ðåøåíèå:
x = Re
 
(1  i)(C1 + iC2)eit

= Re
 
(1  i)(C1 + iC2)(cos t+ i sin t)

=
= (C1 + C2) cos t+ (C1   C2) sin t;
y = Re
 
(C1 + iC2)e
it

= C1 cos t  C2 sin t:
Çàäà÷è.
Ðåøèòü ñèñòåìû óðàâíåíèé:
1:
(
x  2x+ 3y = 0;
y   x+ 2y = 0: 2:
(
2 _x+ x  5 _y   4y = 0;
3 _x  2x  4 _y + y = 0:
3:
(
x+ 2x  2 _y = 0;
3 _x+ y   8y = 0: 4:
(
x  x+ 3y = 0;
_x+ 3 _y   2y = 0:
5:
(
x+ 4 _x  2x  2 _y   y = 0;
x  4 _x  y + 2 _y + 2y = 0:
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Îòâåòû.
1: x = 3C1e
t+3C2e
 t+C3 cos t+C4 sin t; y = C1et+C2e t+C3 cos t+C4 sin t:
2: x = 3C1e
t + C2e
 t; y = C1et + C2e t:
3: x = 2C1e
2t + 2C2e
 2t + 2C3 cos 2t+ 2C4 sin 2t; y = 3C1e2t   3C2e 2t  
  C3 sin 2t+ C4 cos 2t:
4: x = (C1 + C2t)e
t + C3e
 t; y = ( 2C1   C2   2C2t)et   4C3e t:
5: x = C1e
t + C2e
 t + C3e2t + C4e 2t; y = C1et + 5C2e t + 2C3e2t + 2C4e 2t:
1.2. Íîðìàëüíàÿ ëèíåéíàÿ ñèñòåìà c ïîñòîÿííûìè êîýôôèöèåíòàìè. Ìåòîä
âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ
Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà, ðàçðå-
øåííûõ îòíîñèòåëüíî ïðîèçâîäíûõ íåèçâåñòíûõ ôóíêöèé:
_xj =
nX
i=1
ajixi + f
j(t); j = 1; : : : ; n: (1.8)
Çäåñü aji , i; j = 1; : : : ; n,  íåêîòîðûå âåùåñòâåííûå ïîñòîÿííûå, f
j(t), j =
1; : : : ; n,  çàäàííûå íåïðåðûâíûå ôóíêöèè. Òàêàÿ ñèñòåìà íàçûâàåòñÿ íîð-
ìàëüíîé ëèíåéíîé ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé ïîðÿäêà n.
Ñèñòåìà
_xj =
nX
i=1
ajixi; j = 1; : : : ; n (1.9)
èëè, â âåêòîðíîé ôîðìå,
_x = Ax;
ãäå A = (aji ), i; j = 1; : : : ; n,  ïîñòîÿííàÿ âåùåñòâåííàÿ ìàòðèöà, íàçûâà-
åòñÿ íîðìàëüíîé ëèíåéíîé îäíîðîäíîé ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâ-
íåíèé, ñîîòâåòñòâóþùåé íåîäíîðîäíîé ñèñòåìå (1.8). Ýòà ñèñòåìà, î÷åâèä-
íî, ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ñèñòåìû (1.4), äëÿ êîòîðîé Lji (p) = a
j
i   ji p,
i; j = 1; : : : ; n, ãäå ji  ñèìâîë Êðîíåêåðà. Ìíîãî÷ëåí D(p) ñèñòåìû (1.9)
åñòü õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí det(A   pE) ìàòðèöû A, ñòåïåíü êî-
òîðîãî ðàâíà n. Çíà÷èò, â îòëè÷èè îò ñèñòåìû (1.4), îáùåå ðåøåíèå ñèñòå-
ìû (1.9) âñåãäà ñîäåðæèò n ïðîèçâîëüíûõ ïîñòîÿííûõ èíòåãðèðîâàíèÿ, à
âåêòîð-ôóíêöèè,
xi(t) = (xi1; : : : ; xin); i = 1; : : : ; n; (1.10)
ñòîÿùèå ïðè ýòèõ ïîñòîÿííûõ, îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøå-
íèé îäíîðîäíîé ñèñòåìû (1.9). Ýòî îçíà÷àåò, ÷òî îïðåäåëèòåëü Âðîíñêîãî
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ñèñòåìû ðåøåíèé (1.10)
W (t) =

x11(t)    xn1(t)
... . . .
...
x1n(t)    xnn(t)
 : (1.11)
îòëè÷åí îò íóëÿ íà ëþáîì èíòåðâàëå åå îïðåäåëåíèÿ. Òàêèì îáðàçîì, îáùåå
ðåøåíèå ñèñòåìû (1.9) ìîæíî çàïèñàòü â âèäå
x(t) = C1x1(t) + : : :+ Cnxn(t)
èëè, â êîîðäèíàòíîé ôîðìå,
x1(t) = C1x11(t) + : : :+ Cnxn1(t);
: : :
xn(t) = C1x1n(t) + : : :+ Cnxnn(t):
(1.12)
Ðåøåíèå íåîäíîðîäíîé ñèñòåìû (1.8) èùóò â òîì æå âèäå (1.12), ÷òî è îá-
ùåå ðåøåíèå ñîîòâåòñòâóþùåé îäíîðîäíîé ñèñòåìû (1.9), íî Ci , i = 1; : : : ; n,
ñ÷èòàþòñÿ íå ïîñòîÿííûìè, à ïîêà íåèçâåñòíûìè ôóíêöèÿìè ïåðåìåííîé t.
Äëÿ èõ îïðåäåëåíèÿ çàïèñûâàþò ëèíåéíóþ àëãåáðàè÷åñêóþ ñèñòåìó (ñðàâ-
íèòü ñ (1.12))
_C1(t)x11(t) + : : :+ _Cn(t)xn1(t) = f
1(t);
: : :
_C1(t)x1n(t) + : : :+ _Cn(t)xnn(t) = f
n(t):
(1.13)
Îïðåäåëèòåëåì ñèñòåìû (1.13) ñëóæèò îïðåäåëèòåëü (1.11). Ïîýòîìó ñèñòåìà
èìååò åäèíñòâåííîå ðåøåíèå _Ci(t) = 'i(t), i = 1; : : : ; n. Îòñþäà, èíòåãðèðóÿ,
íàõîäèì
Ci(t) =
Z t
t0
'i(t) dt+ Ci;
i = 1; : : : ; n, ãäå Ci  ïðîèçâîëüíûå ïîñòîÿííûå èíòåãðèðîâàíèÿ. Ïîäñòàâëÿÿ
íàéäåííûå ôóíêöèè Ci(t) â (1.12), ïîëó÷èì îáùåå ðåøåíèå ñèñòåìû (1.8),
êîòîðîå â âåêòîðíîé ôîðìå ìîæíî ïåðåïèñàòü òàê:
x(t) = C1x1(t) + : : :+ Cnxn(t) +
nX
i=1
xi(t)
Z t
t0
'i(t) dt:
Â ýòîé ôîðìóëå ïåðâàÿ ñóììà îïðåäåëÿåò îáùåå ðåøåíèå îäíîðîäíîé ñèñòå-
ìû (1.9), à âòîðàÿ  íåêîòîðîå ÷àñòíîå ðåøåíèå íåîäíîðîäíîé ñèñòåìû.
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Ïðèìåð 5. Ðàññìîòðèì ñèñòåìó óðàâíåíèé
_x = x+ y + 1;
_y = x+ y + t:
Ðåøåíèå. Çàïèøåì ñîîòâåòñòâóþùóþ îäíîðîäíóþ ñèñòåìó â îïåðàòîðíîé
ôîðìå: 
(p  1)x  y = 0;
 x+ (p+ 1)y = 0:
Ìíîãî÷ëåí D(p) ýòîé ñèñòåìû èìååò äâóêðàòíûé êîðåíü p = 0. Ðåøåíèå
ñèñòåìû, ñîîòâåòñòâóþùåå ýòîìó êîðíþ, èùåì â âèäå
x = a+ bt; y = c+ dt:
Ïîäñòàâèâ ýòîò âèä ðåøåíèÿ â ñèñòåìó è ïðèðàâíÿâ íóëþ ñâîáîäíûå ÷ëåíû è
êîýôôèöèåíòû ïðè t, ïðèäåì ê ëèíåéíîé îäíîðîäíîé àëãåáðàè÷åñêîé ñèñòåìå
èç ÷åòûðåõ óðàâíåíèé, ðàíã ìàòðèöû êîòîðîé ðàâåí äâóì. Ðåøèâ ïîëó÷åííóþ
ñèñòåìó, îáùåå ðåøåíèå îäíîðîäíîé ñèñòåìû çàïèøåì ñëåäóþùèì îáðàçîì:
x = C1 + C2t; y =  C1 + C2(1  t):
Ñëåäîâàòåëüíî, ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé îáðàçóþò âåêòîð-ôóíê-
öèè ñ êîìïîíåíòàìè
x1 = 1; y1 =  1; x2 = t; y2 = 1  t:
Ñèñòåìà (1.13) â íàøåì ñëó÷àå ïðèíèìàåò âèä:
_C1 + _C2t = 1;   _C1 + _C2(1  t) = t:
Îòñþäà íàõîäèì
_C1 = 1  t  t2; _C2 = 1 + t:
Èíòåãðèðóÿ, ïîëó÷àåì
C1(t) = t  t
2
2
  t
3
3
+ C1; C2(t) = t+
t2
2
+ C2:
Òàêèì îáðàçîì, îáùåå ðåøåíèå èñõîäíîé ñèñòåìû èìååò âèä
x = C1 + C2t+ t+
t2
2
+
t3
6
; y =  C1 + C2(1  t)  t
3
6
:
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Çàäà÷è.
Ðåøèòü ñèñòåìû óðàâíåíèé ìåòîäîì âàðèàöèè ïîñòîÿííûõ:
1:
(
_x = y + tg2 t  1;
_y = y + tg t:
2:
8<: _x = 2y   x;_y = 4y   3x+ e3t
e2t + 1
:
3:
8><>:
_x =  4x  2y + 2
et   1 ;
_y = 6x+ 3y   3
et   1 :
4:
8<: _x = x  y +
1
cos t
;
_y = 2x  y:
5:
(
_x = 3x  2y;
_y = 2x  y + 15etpt:
Îòâåòû.
1: x = C1 cos t+ C2 sin t+ tg t, y =  C1 sin t+ C2 cos t+ 2:
2: x = C1e
t + 2C2e
2t   et ln(e2t + 1) + 2e2t arctg et , y = C1et + 3C2e2t  
  et ln(e2t + 1) + 3e2t arctg et:
3: x = C1 + 2C2e
 t + 2e t ln jet   1j, y =  2C1   3C2e t   3e t ln jet   1j:
4: x = C1 cos t+ C2 sin t+ t(cos t+ sin t) + (cos t  sin t) ln j cos tj,
y = (C1   C2) cos t+ (C1 + C2) sin t+ 2 cos t ln j cos tj+ 2t sin t:
5: x = (C1 + 2C2t  8t 52 )et , y = (C1 + 2C2t  C2   8t 52 + 10t 32 )et:
1.3. Ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ äëÿ íåîäíîðîäíûõ ëèíåéíûõ ñè-
ñòåì ñ ïîñòîÿííûìè êîýôôèöèåíòàìè
Â íåêîòîðûõ ñëó÷àÿõ ÷àñòíîå ðåøåíèå ñèñòåìû (1.8) ìîæåò áûòü íàéäåíî
ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ. Ýòî ìîæíî äåëàòü, êîãäà ôóíêöèè
f j(t) ñîñòîÿò èç ñóìì è ïðîèçâåäåíèé ôóíêöèé âèäà c0+c1t+c2t
2+ : : :+ckt
k ,
et , cos t, sin t. Ýòî äåëàåòñÿ ïî òåì æå ïðàâèëàì, ÷òî è äëÿ ëèíåéíûõ
óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, ñî ñëåäóþùèì èçìåíåíèåì: åñëè
f j(t) = Pmj(t)e
t , ãäå Pmj  ìíîãî÷ëåí ñòåïåíè mj , òî ÷àñòíîå ðåøåíèå ñè-
ñòåìû èùåòñÿ â âèäå xi = Q
i
m+s(t)e
t , i = 1; : : : ; n, ãäå m = max(mj), à ÷èñëî
s ðàâíî êðàòíîñòè  êàê êîðíÿ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (ò.å., åñëè 
íå ÿâëÿåòñÿ åãî êîðíåì, òî s = 0). ×òîáû íàéòè íåèçâåñòíûå êîýôôèöèåíòû
ìíîãî÷ëåíîâ Qim+s , íóæíî ïîäñòàâèòü ýòè âûðàæåíèÿ â èñõîäíóþ ñèñòåìó, è
ïðèðàâíÿòü êîýôôèöèåíòû ïðè îäèíàêîâûõ ôóíêöèÿõ.
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Àíàëîãè÷íî îïðåäåëÿþòñÿ ñòåïåíè ìíîãî÷ëåíîâ â ñëó÷àå, êîãäà f j(t) =
Pmj(t)e
t cos t+Rmj(t)e
t sin t, à ÷èñëî  = + i ÿâëÿåòñÿ êîðíåì õàðàê-
òåðèñòè÷åñêîãî óðàâíåíèÿ.
Êàê ïðàâèëî, òîì ñëó÷àå, êîãäà ìîæíî âîñïîëüçîâàòüñÿ ìåòîäîì íåîïðåäå-
ëåííûõ êîýôôèöèåíòîâ, ýòîò ìåòîä ïðèâîäèò ê ðåøåíèþ áûñòðåå, ÷åì ìåòîä
âàðèàöèè ïîñòîÿííûõ, èáî íå òðåáóåò èíòåãðèðîâàíèÿ.
Ïðèìåð 6. Ðåøèòü ñèñòåìó óðàâíåíèé
_x = 2x+ y + (t+ 2)et + 2 cos t
_y = x+ 2y   t sin t: (1.14)
Ðåøåíèå. Íàõîäèì êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ îäíîðîäíîé ñè-
ñòåìû  2   11 2  
 = 0; 2   4+ 3 = 0; 1 = 1; 2 = 3:
Îáùåå ðåøåíèå îäíîðîäíîé ñèñòåìû èìååò âèä
x0 = C1e
t + C2e
3t; y0 =  C1et + C2e3t:
Ïðàâàÿ ÷àñòü íåîäíîðîäíîé ñèñòåìû åñòü ñóììà äâóõ âåêòîð-ôóíêöèé
f1(t) + f2(t), ãäå
f1(t) =

(t+ 2)et
0

; f2(t) =

2 cos t
 t sin t

:
Ñíà÷àëà íàéäåì ÷àñòíîå ðåøåíèå ñèñòåìû ñ ïðàâîé ÷àñòüþ f1(t):
_x = 2x+ y + (t+ 2)et
_y = x+ 2y:
(1.15)
Ïîñêîëüêó  = 1 ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (êðàòíî-
ñòè 1), ÷àñòíîå ðåøåíèå ñèñòåìû (1.15) èùåì â âèäå
x = (At2 +Bt+ C)et; y = (Dt2 + Et+ F )et:
Ïîäñòàâèì ýòè âûðàæåíèÿ â (1.15). Ïîëó÷èì óðàâíåíèÿ
et(At2 + (B + 2A)t+ (B + C)) = 2(At2 +Bt+ C)et+
+(Dt2 + Et+ F )et + (t+ 2)et
et(Dt2 + (E + 2D)t+ (E + F )) = (At2 +Bt+ C)et + 2(Dt2 + Et+ F )et:
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Ñîêðàòèì íà et è ïðèðàâíÿåì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ t.
Ïîëó÷èì ñèñòåìó èç 6 óðàâíåíèé
A = 2A+D;
B + 2A = 2B + E + 1;
B + C = 2C + F + 2;
D = A+ 2D;
E + 2D = B + 2E;
E + F = C + 2F:
(1.16)
Ïåðâîå è ÷åòâåðòîå óðàâíåíèÿ ðàâíîñèëüíû: A +D = 0. Ïðèâîäÿ ïîäîáíûå
ñëàãàåìûå, ïåðåïèøåì ñèñòåìó â âèäå
A+D = 0;
2A = B + E + 1;
B = C + F + 2;
2D = B + E;
E = C + F:
Âû÷òåì âòîðîå è ÷åòâåðòîå óðàâíåíèå äðóã èç äðóãà, ïîëó÷èì 2(A D) = 1.
Âìåñòå ñ ïåðâûì óðàâíåíèåì ýòî äàåò
A =
1
4
; D =  1
4
:
Ïîäñòàâèì ýòè çíà÷åíèÿ â ñèñòåìó:
B + E =  1
2
;
B = C + F + 2;
E = C + F:
Âû÷òåì òðåòüå óðàâíåíèå èç âòîðîãî: B E = 2. Âìåñòå ñ ïåðâûì óðàâíåíèåì
ýòî äàåò
B =
3
4
; E =  5
4
:
Ïîñëå ýòîãî îñòàåòñÿ îäíî óðàâíåíèå:
C + F =  5
4
:
Ìîæíî âçÿòü, íàïðèìåð,
C = 0; F =  5
4
:
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Îòìåòèì, ÷òî òîò ôàêò, ÷òî ñèñòåìà (1.16) èìååò áåñêîíå÷íî ìíîãî ðåøåíèé,
íå ñëó÷àåí. Ïîñêîëüêó â îáùåì ðåøåíèè îäíîðîäíîé ñèñòåìû ïðèñóòñòâóþò
ñëàãàåìûå C1e
t äëÿ x(t) è  C1et äëÿ y(t), ýòî îçíà÷àåò, ÷òî âçÿâ îäíî ÷àñòíîå
ðåøåíèå ñèñòåìû (1.15) è ïðèáàâèâ ê C ëþáîå C1 , à ê E  ñîîòâåòñòâåííî
 C1 , ìû ïîëó÷èì íîâîå ÷àñòíîå ðåøåíèå. Ïîýòîìó C è F íåëüçÿ íàéòè îä-
íîçíà÷íî, íî èõ ñóììà, î÷åâèäíî, îñòàåòñÿ ïîñòîÿííîé ïðè òàêèõ îïåðàöèÿõ.
Òàêèì îáðàçîì, ÷àñòíîå ðåøåíèå ñèñòåìû (1.15) ìîæíî âçÿòü â âèäå
x÷.1 =

1
4
t2 +
3
4
t

et; y÷.1 =  

1
4
t2 +
5
4
t+
5
4

et:
Òåïåðü íàéäåì ÷àñòíîå ðåøåíèå ñèñòåìû ñ ïðàâîé ÷àñòüþ f2(t):
_x = 2x+ y + 2 cos t
_y = x+ 2y   t sin t: (1.17)
Ïîñêîëüêó ÷èñëî 0+1i = i íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíå-
íèÿ, à ìàêñèìàëüíàÿ ñòåïåíü ìíîãî÷ëåíà, íà êîòîðûé óìíîæàþòñÿ ôóíêöèè
sin t è cos t, ðàâíà 1, ÷àñòíîå ðåøåíèå ñèñòåìû (1.17) èùåì â âèäå
x = (at+ b) sin t+ (ct+ d) cos t; y = (et+ f) sin t+ (gt+ h) cos t:
Ïîäñòàâèì ýòè âûðàæåíèÿ â (1.17):
(a  (ct+ d)) sin t+ (c+ (at+ b)) cos t =
= (2(at+ b) + (et+ f)) sin t+ (2(ct+ d) + (gt+ h) + 2) cos t;
(e  (gt+ h)) sin t+ (g + (et+ f)) cos t =
= ((at+ b) + 2(et+ f)  t) sin t+ ((ct+ d) + 2(gt+ h)) cos t:
Ïðèðàâíÿåì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ïåðåìåííîé t îòäåëüíî
äëÿ ñèíóñà è äëÿ êîñèíóñà (ïîòîìó ÷òî ôóíêöèè tk sin t è t` cos t ëèíåéíî
íåçàâèñèìû ïðè k; ` = 0; 1; 2; : : : ). Ïîëó÷èì ñèñòåìó èç 8 óðàâíåíèé
 c = 2a+ e;
a  d = 2b+ f;
a = 2c+ g;
b+ c = 2d+ h+ 2;
 g = a+ 2e  1;
e  h = b+ 2f;
e = c+ 2g;
g + f = d+ 2h:
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Ïåðâîå, òðåòüå, ïÿòîå è ñåäüìîå óðàâíåíèÿ ñîäåðæàò òîëüêî íåèçâåñòíûå a,
c, e, g . Âûðàçèì a = 2c + g è ïîäñòàâèì â îñòàëüíûå òðè óðàâíåíèÿ. Ïîñëå
ïðåîáðàçîâàíèé ïîëó÷èì
5c+ e+ 2g = 0; c+ e+ g =
1
2
; c  e+ 2g = 0:
Ðåøàÿ åå, íàõîäèì
c =  1
5
; e =
2
5
; g =
3
10
;
òîãäà
a =   1
10
:
Ïîäñòàâèì íàéäåííûå çíà÷åíèÿ â îñòàâøèåñÿ óðàâíåíèÿ è ïîëó÷èì
2b+ f + d =   1
10
;  b+ 2d+ h =  11
5
; b+ 2f + h =
2
5
; d  f + 2h = 3
10
:
Åå ðåøåíèå:
b =
16
25
; d =  51
50
; f =   9
25
; h =
12
25
:
Òàêèì îáðàçîì, ÷àñòíîå ðåøåíèå ñèñòåìû (1.17) èìååò âèä
x÷.2 =

  1
10
t+
16
25

sin t 

1
5
t+
51
50

cos t;
y÷.2 =

2
5
t  9
25

sin t+

3
10
t+
12
25

cos t:
Îêîí÷àòåëüíî, ðåøåíèå ñèñòåìû óðàâíåíèé (1.14) íàõîäèòñÿ ïî ôîðìóëàì
x(t) = x0 + x÷.1 + x÷.2; y(t) = y0 + y÷.1 + y÷.2:
Çàäà÷è.
Ðåøèòü ñèñòåìû óðàâíåíèé ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ
1:
(
_x = y + 2et;
_y = y + t2:
2:

_x = y   5 cos t;
_y = 2x+ y:
3:
(
_x = 5x  3y + 2e3t;
_y = x+ y + 5e t:
4:

_x = x+ 2y + 16tet;
_y = 2x  2y:
5:
(
_x = 4x  3y + sin t;
_y = 2x  y   2 cos t: 6:

_x = 2x  y;
_y =  x+ 2y   5et sin t:
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Îòâåòû.
1. x = C1e
t + C2e
 t + tet   t2   2, y = C1et   C2e t + (t  1)et   2t.
2. x = C1e
2t + C2e
 t   2 sin t  cos t, y = 2C1e2t   C2e t + sin t+ 3 cos t.
3. x = C1e
2t + 3C2e
4t   e t   4e3t , y = C1e2t + C2e4t   2e t   2e3t .
4. x = 2C1e
2t + C2e
 3t   (12t+ 13)et , y = C1e2t   2C2e 3t   (8t+ 6)et .
5. x = C1e
t + 3C2e
2t + cos t  2 sin t, y = C1et + 2C2e2t + 2 cos t  2 sin t.
6. x = C1e
t + C2e
3t + et(2 cos t  sin t), y = C1et   C2e3t + et(3 cos t+ sin t).
1.4. Ðåøåíèå ëèíåéíûõ ñèñòåì ñ ïîñòîÿííûìè êîýôôèöèåíòàìè ñ ïîìîùüþ
ïîêàçàòåëüíîé ôóíêöèè îò ìàòðèö
Ïóñòü çàäàíà âåùåñòâåííàÿ èëè êîìïëåêñíàÿ ìàòðèöà A ðàçìåðà nn. Êàê
îáû÷íî, áóäåì îáîçíà÷àòü åäèíè÷íóþ ìàòðèöó áóêâîé E . Ïîêàçàòåëüíîé
ôóíêöèåé (èëè ìàòðè÷íîé ýêñïîíåíòîé) ìàòðèöû A íàçûâàåòñÿ ìàòðèöà
eA = E + A+
1
2!
A2 +
1
3!
A3 + : : :+
1
k!
Ak + : : : =
1X
k=0
1
k!
Ak: (1.18)
Ëåãêî ïîêàçàòü, ÷òî ðÿä (1.18) ñõîäèòñÿ äëÿ ëþáîé ìàòðèöû A. Îòìåòèì ðÿä
ñâîéñòâ ýòîé ôóíêöèè.
I. e0 = E , ãäå íóëü îáîçíà÷àåò íóëåâóþ ìàòðèöó.
II. Åñëè ìàòðèöû A è B ïîäîáíû, ò.å., ñóùåñòâóåò íåâûðîæäåííàÿ ìàòðè-
öà C òàêàÿ, ÷òî B = C 1AC , òî
eB = C 1eAC: (1.19)
Äåéñòâèòåëüíî, ëåãêî âèäåòü, ÷òî Bk = C 1AkC äëÿ ëþáîãî k = 0; 1; : : : ,
îòêóäà è ñëåäóåò ôîðìóëà (1.19).
III. Ðÿä äëÿ eAt ñõîäèòñÿ ðàâíîìåðíî ïî t íà ëþáîì îòðåçêå ÷èñëîâîé
îñè è ìàòðè÷íàÿ ôóíêöèÿ X(t) = eAt óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó
óðàâíåíèþ
dX(t)
dt
= A X(t); X(0) = E;  1 < t < +1:
IV. Åñëè ìàòðèöû A è B ïåðåñòàíîâî÷íû: AB = BA, òî
eA+B = eA  eB = eB  eA:
Èç ñâîéñòâ I è III âûòåêàåò, ÷òî ðåøåíèå çàäà÷è Êîøè _x = Ax, x(0) = x0 ,
çàäàåòñÿ ôîðìóëîé
x = eAtx0:
17
×òîáû íàéòè ýêñïîíåíòó eA , ìàòðèöó A íóæíî ïðèâåñòè ê æîðäàíîâîé
ôîðìå J = CAC 1 . Ìàòðèöà J ñîñòîèò èç æîðäàíîâûõ êëåòîê, à êàæäàÿ
æîðäàíîâà êëåòêà èìååò âèä Ji = E + F , ïðè÷åì âñå ýëåìåíòû ìàòðèöû F
ðàâíû íóëþ, çà èñêëþ÷åíèåì êîñîãî ðÿäà èç åäèíèö íàä ãëàâíîé äèàãîíàëüþ.
Òîãäà ìàòðèöà F íèëüïîòåíòíà, ò.å., íåêîòîðàÿ åå ñòåïåíü Fm ðàâíà íóëþ.
Ïîýòîìó åå ýêñïîíåíòà ëåãêî èùåòñÿ ïî ôîðìóëå (1.18). Îòñþäà
eJi = eE+F = eE  EF = eE  eF = e  eF : (1.20)
Ïîñëå ýòîãî èç êëåòîê eJi íóæíî ñîñòàâèòü ìàòðèöó eJ , à ìàòðèöó eA íàéòè
ïî ôîðìóëå eA = C 1eJC .
Â ÷àñòíîñòè, åñëè ìàòðèöà A ïîðÿäêà n èìååò òîëüêî ïðîñòûå ñîáñòâåí-
íûå çíà÷åíèÿ 1 , . . . , n , òî åå æîðäàíîâà ôîðìà èìååò âèä
J =
0BBB@
1 0 : : : 0
0 2 : : : 0
...
... . . .
...
0 0 : : : n
1CCCA :
Ëåãêî âèäåòü (ñì, íàïð., [1]), ÷òî òîãäà
eJt =
0BBB@
e1t 0 : : : 0
0 e2t : : : 0
...
... . . .
...
0 0 : : : ent
1CCCA ;
à ìàòðèöà eAt äàëüøå íàõîäèòñÿ ïî ôîðìóëå eAt = C 1eJtC .
Ïðèìåð 7. Íàéòè ìàòðèöó eAt , åñëè A =

1 1
2 0

.
Ðåøåíèå. Ñîáñòâåííûå ÷èñëà ìàòðèöû A èìåþò âèä 1 =  1, 2 = 2.
Íàéäåì òàêóþ íåâûðîæäåííóþ ìàòðèöó C =

a b
c d

, ÷òî A = C 1JC , ãäå
J =
  1 0
0 2

. Äëÿ îïðåäåëåíèÿ ìàòðèöû C ïîëó÷àåì óðàâíåíèå

a b
c d



1 1
2 0

=
  1 0
0 2



a b
c d

èëè 
a+ 2b a
c+ 2d c

=
  a  b
2c 2d

:
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Íà ïàðàìåòðû a, b, c, d îñòàåòñÿ äâà óðàâíåíèÿ: a + b = 0, c = 2d. Ìîæíî
âçÿòü a = 1, b =  1, c = 2, d = 1, òîãäà
C =

1  1
2 1

:
Îáðàòíàÿ ìàòðèöà èìååò âèä
C 1 =
1
3


1 1
 2 1

:
Òàêèì îáðàçîì, èìååò ìåñòî ðàâåíñòâî
1 1
2 0

=
1
3


1 1
 2 1


  1 0
0 2



1  1
2 1

:
Íàêîíåö, eAt = C 1eJtC , ò.å.,
eAt =
1
3

1 1
 2 1

e t 0
0 e2t

1  1
2 1

=
1
3

e t e2t
 2e t e2t

1  1
2 1

=
=
1
3

e t + 2e2t  e t + e2t
 2e t + 2e2t 2e t + e2t

:
Ïðèìåð 8. Ðåøèòü ñèñòåìó óðàâíåíèé _x = Ax, ãäå x =

x1
x2

, A =
1  2
2  3

, âû÷èñëèâ ìàòðèöó eAt .
Ðåøåíèå. Ñîáñòâåííûå ÷èñëà ìàòðèöû A íàõîäèì èç óðàâíåíèÿ 1    22  3  
 = 0; 2 + 2+ 1 = 0:
Ïîëó÷àåì 1 = 2 =  1. Ðàíã ìàòðèöû
A  E =

1  ( 1)  2
2  3  ( 1)

=

2  2
2  2

ðàâåí 1, ïîýòîìó åå æîðäàíîâà ôîðìà èìååò âèä
J =
 1 1
0  1

:
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Íàéäåì òàêóþ íåâûðîæäåííóþ ìàòðèöó C =

a b
c d

, ÷òî

a b
c d



1  2
2  3

=
  1 1
0  1



a b
c d

:
Ïîëó÷àåì äâà óðàâíåíèÿ íà ïåðåìåííûå a, b, c, d:
2a+ 2b = c; c+ d = 0:
Îäíî èç ðåøåíèé åñòü a = 1, b = 0, c = 2, d =  2. Òàêèì îáðàçîì,
C =

1 0
2  2

:
Îáðàòíàÿ ìàòðèöà èìååò âèä
C 1 =

1 0
1  12

:
Ðàâåíñòâî A = C 1JC çàïèøåì â âèäå
1  2
2  3

=

1 0
1  12


  1 1
0  1



1 0
2  2

:
Âû÷èñëèì ìàòðèöó eJt ïî ôîðìóëå (1.20). Èìååì J =  E + F , ãäå F =
0 1
0 0

. Ëåãêî âèäåòü, ÷òî F 2 = 0, òîãäà F 3 = F 4 = : : : = 0 è
eFt = E + Ft+
1
2
(Ft)2 + : : : = E + Ft =

1 t
0 1

:
Ñëåäîâàòåëüíî, eJt = e t

1 t
0 1

. Òîãäà
eAt =

1 0
1  12



e t te t
0 e t



1 0
2  2

=

e t(2t+ 1)  2te t
2te t  e t(2t  1)

:
Íàêîíåö, ëþáîå ðåøåíèå x(t) äàííîé ñèñòåìû, ïðîõîäÿùåå ïðè t = 0 ÷åðåç
òî÷êó x0 =

x10
x20

, çàïèøåì â âèäå

x1
x2

=

e t(2t+ 1)  2te t
2te t  e t(2t  1)

x10
x20

:
20
Ïðèìåð 9. Ðåøèòü çàäà÷ó Êîøè
_x = Ax; x =

x1
x2

; A =

5 10
 2  3

; x(0) =

3
2

:
Ðåøåíèå. Ñîáñòâåííûå ÷èñëà ìàòðèöû A ðàâíû 1 = 1 + 2i, 2 = 1  2i,
ñëåäîâàòåëüíî, åå æîðäàíîâà ôîðìà èìååò âèä
J =

1 + 2i 0
0 1  2i

:
Íàéäåì íåâûðîæäåííóþ ìàòðèöó C =

a b
c d

òàêóþ, ÷òî
a b
c d



5 10
 2  3

=

1 + 2i 0
0 1  2i



a b
c d

:
Ïîñëå ïðåîáðàçîâàíèé ïîëó÷àåì ñèñòåìó óðàâíåíèé
a(2  i) = b; c(2 + i) = d:
Â êà÷åñòâå åå ðåøåíèÿ âîçüìåì a = c = 1, b = 2  i, d = 2 + i. Òîãäà
C =

1 2  i
1 2 + i

; C 1 =

1
2   i 12 + i
1
2i  12i

:
Íàõîäèì
eJt =

et+2it 0
0 et 2it

= et

cos 2t+ i sin 2t 0
0 cos 2t  i sin 2t

:
Äàëåå, âû÷èñëÿåì
eAt = C 1eJtC =
=

1
2   i 12 + i
1
2i  12i

 et

cos 2t+ i sin 2t 0
0 cos 2t  i sin 2t



1 2  i
1 2 + i

=
et

1
2 cos 2t+ sin 2t+ i(
1
2 sin 2t  cos 2t) 12 cos 2t+ sin 2t+ i( 12 sin 2t+ cos 2t)
 12 sin 2t+ 12i cos 2t  12 sin 2t  12i cos 2t




1 2  i
1 2 + i

=

et(cos 2t+ 2 sin 2t) 5et sin 2t
 et sin 2t et(cos 2t  2 sin 2t)

:
Óìíîæàÿ ïîñëåäíþþ ìàòðèöó íà ñòîëáåö x(0), íàõîäèì ðåøåíèå çàäà÷è Êî-
øè
x(t) =

et(cos 2t+ 2 sin 2t) 5et sin 2t
 et sin 2t et(cos 2t  2 sin 2t)

3
2

=
= et

3 cos 2t+ 16 sin 2t
2 cos 2t  7 sin 2t

:
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Äðóãîé ñïîñîá íàõîæäåíèÿ ìàòðèöû eAt , ñâÿçàííûé ñ èñïîëüçîâàíèåì âå-
ùåñòâåííîé æîðäàíîâîé ôîðìû âèäà
J =

 
  

;
ñì. â êíèãå [7].
Ïðèìåð 10. Ðåøèòü ñèñòåìó óðàâíåíèé _x = Ax, ãäå
A =
0B@ 0 1 11 1 0
 1 0 1
1CA ;
âû÷èñëèâ ìàòðèöó eAt .
Ðåøåíèå. Ñîáñòâåííûå ÷èñëà ìàòðèöû A ðàâíû 1 = 0, 2 = 3 = 1.
Ðàíã ìàòðèöû A   2E = A   E ðàâåí 2, ñëåäîâàòåëüíî, æîðäàíîâà ôîðìà
ìàòðèöû A èìååò âèä
J =
0B@ 0 0 00 1 1
0 0 1
1CA :
Ìàòðèöó
C =
0B@ c11 c12 c13c21 c22 c23
c31 c32 c33
1CA ;
äëÿ êîòîðîé A = C 1JC , èùåì èç ìàòðè÷íîãî óðàâíåíèÿ0B@ c11 c12 c13c21 c22 c23
c31 c32 c33
1CA
0B@ 0 1 11 1 0
 1 0 1
1CA =
0B@ 0 0 00 1 1
0 0 1
1CA
0B@ c11 c12 c13c21 c22 c23
c31 c32 c33
1CA :
Çàïèøåì ýêâèâàëåíòíóþ ýòîìó óðàâíåíèþ ñèñòåìó ëèíåéíûõ àëãåáðàè÷å-
ñêèõ óðàâíåíèé îòíîñèòåëüíî cij :
c12   c13 = 0; c11 + c12 = 0; c11 + c13 = 0;
c22   c23 = c21 + c31; c21 + c22 = c22 + c32; c21 + c23 = c23 + c33;
c32   c33 = c31; c31 + c32 = c32; c31 + c33 = c33:
Îíà ðàâíîñèëüíà ñèñòåìå
c31 = 0; c21 = c32 = c33; c12 = c13 =  c11; c22 = c21 + c23:
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Âûáðàâ c11 = c21 = 1, c23 = 0, ïîëó÷èì c22 = c32 = c33 = 1, c12 = c13 =  1.
Ìàòðèöû C è C 1 èìåþò âèä
C =
0B@ 1  1  11 1 0
0 1 1
1CA ; C 1 =
0B@ 1 0 1 1 1  1
1  1 2
1CA :
Àíàëîãè÷íî ïðèìåðó 7, íàõîäèì ìàòðèöó
eJt =
0B@ 1 0 00 et tet
0 0 et
1CA :
Ñëåäîâàòåëüíî,
eAt =
0B@ 1 0 1 1 1  1
1  1 2
1CA
0B@ 1 0 00 et tet
0 0 et
1CA
0B@ 1  1  11 1 0
0 1 1
1CA =
=
0B@ 1 0 et 1 et (t  1)et
1  et et(2  t)
1CA
0B@ 1  1  11 1 0
0 1 1
1CA =
=
0B@ 1 et   1 et   1et   1 et(t+ 1) 1 + (t  1)et
1  et  1 + et(1  t)  1 + et(2  t)
1CA :
Óìíîæèâ ýòó ìàòðèöó íà ñòîëáåö x0 = (C1; C2; C3)
T , ïîëó÷èì îòâåò
x = C1
0B@ 1et   1
1  et
1CA+ C2
0B@ et   1et(t+ 1)
 1 + et(1  t)
1CA+ C3
0B@ et   11 + (t  1)et
 1 + et(2  t)
1CA :
Çàäà÷è.
Ðåøèòü ñèñòåìû â âåêòîðíîé ôîðìå _x = Ax, ãäå x  âåêòîð, A  äàííàÿ
ìàòðèöà.
1. _x = Ax, A =

3  2
4  1

.
2. _x = Ax, A =
  3 4
 1 1

. Íàéòè ðåøåíèå, óäîâëåòâîðÿþùåå óñëîâèþ
x(0) =

1
0

.
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3. _x = Ax, A =
0B@ 1  2 21 4  2
1 5  3
1CA :
4. _x = Ax, A =
0B@ 3 2 2 3  1 1
 1 2 0
1CA :
5. _x = Ax, A =
0B@ 2 1  1 1 0 1
1 1 0
1CA :
6. _x = Ax, A =
0B@ 2 1 2 1 0 2
 2 0 3
1CA :
Îòâåòû.
1. x = C1e
t

cos 2t
cos 2t+ sin 2t

+ C2e
t

sin 2t
  cos 2t+ sin 2t

:
2. x = e t

1  2t
t

:
3. x = C1e
2t
0B@ 01
1
1CA+ C2et
0B@ 1 1
 1
1CA+ C3e t
0B@ 1 1
 2
1CA :
4. x = C1e
 2t
0B@ 01
 1
1CA+ C2e t
0B@ cos 2t  sin 2t
cos 2t
1CA+ C3e t
0B@ sin 2tcos 2t
sin 2t
1CA :
5. x = C1
0B@ 1 1
1
1CA+ C2et
0B@ 1 1
0
1CA+ C3et
0B@ 10
1
1CA :
6. x = C1e
 t
0B@ 20
1
1CA+ C2et
0B@ 11
1
1CA+ C3et
0B@ 2t2t
2t+ 1
1CA :
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2. Îïåðàöèîííûé ìåòîä ðåøåíèÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé è ñèñòåì c ïîñòîÿííûìè êîýôôèöèåíòàìè
2.1. Ïðåîáðàçîâàíèå Ëàïëàñà
Ôóíêöèåé-îðèãèíàëîì íàçûâàåòñÿ ëþáàÿ êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ f(t)
äåéñòâèòåëüíîãî àðãóìåíòà t, óäîâëåòâîðÿþùàÿ ñëåäóþùèì óñëîâèÿì:
1) f(t) = 0, åñëè t < 0;
2) f(t) èíòåãðèðóåìà íà ëþáîì êîíå÷íîì èíòåðâàëå îñè t;
3) f(t) ðàñòåò íå áûñòðåå ïîêàçàòåëüíîé ôóíêöèè, ò.å., ñóùåñòâóþò ïî-
ñòîÿííûå M > 0 è s0 > 0 òàêèå, ÷òî äëÿ âñåõ t âûïîëíÿåòñÿ íåðàâåíñòâî
jf(t)j < Mes0t .
Î÷åâèäíî, óñëîâèÿì 2), 3) óäîâëåòâîðÿþò ìíîãèå ýëåìåíòàðíûå ôóíêöèè:
tn , et , sint è äðóãèå. Óñëîâèå 1) êàæåòñÿ íåñêîëüêî èñêóñòâåííûì è âûçâà-
íî, â ïåðâóþ î÷åðåäü, òåì, ÷òî èçëàãàåìûé ìåòîä áûë ïðåäëîæåí äëÿ ðåøåíèÿ
äèôôåðåíöèàëüíûõ óðàâíåíèé è ñèñòåì, îïèñûâàþùèõ íåêîòîðûå ôèçè÷å-
ñêèå ïðîöåññû, â ÷àñòíîñòè, â çàäà÷àõ ðàäèîôèçèêè, â êîòîðûõ çà íåçàâèñè-
ìóþ ïåðåìåííóþ áåðåòñÿ âðåìÿ t > 0 îò íà÷àëà ïðîöåññà, à ïðàâûå ÷àñòè
ìîãóò èìåòü êîíå÷íîå ÷èñëî òî÷åê ðàçðûâà ïåðâîãî ðîäà è áûòü çàäàííûìè
ãðàôè÷åñêè. Ñ äðóãîé ñòîðîíû, åñëè óìíîæèòü ôóíêöèþ, óäîâëåòâîðÿþùóþ
óñëîâèÿì 2), 3) íà åäèíè÷íóþ ôóíêöèþ Õåâèñàéäà
(t) =

1; t > 0;
0; t < 0;
òî ïîëó÷èòñÿ ôóíêöèÿ-îðèãèíàë. Ïîýòîìó ìû áóäåì çàðàíåå ïðåäïîëàãàòü,
÷òî òàêîå äîìíîæåíèå óæå ïðîèçâåäåíî è ôóíêöèþ (t)f(t) áóäåì ñ÷èòàòü
ôóíêöèåé-îðèãèíàëîì f(t).
Èçîáðàæåíèåì ôóíêöèè-îðèãèíàëà ïî Ëàïëàñó íàçûâàåòñÿ ôóíêöèÿ F (p)
êîìïëåêñíîé ïåðåìåííîé p = s+ i; îïðåäåëÿåìàÿ ðàâåíñòâîì
F (p) =
1Z
0
f(t)e pt dt: (2.1)
Ôóíêöèÿ F (p) îïðåäåëåíà â ïîëóïëîñêîñòè Re p = s > s0 è ÿâëÿåòñÿ â ýòîé
ïîëóïëîñêîñòè àíàëèòè÷åñêîé ôóíêöèåé, ïðè÷åì F (1) = 0. Òîò ôàêò, ÷òî
ôóíêöèÿ F (p) åñòü èçîáðàæåíèå ôóíêöèè-îðèãèíàëà f(t), ìû áóäåì ñèìâî-
ëè÷åñêè çàïèñûâàòü ñëåäóþùèì îáðàçîì:
f(t) + F (p) (èëè F (p) + f(t)):
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Ñâîéñòâà ïðåîáðàçîâàíèÿ Ëàïëàñà.
Âñþäó â äàëüíåéøåì ìû ñ÷èòàåì, ÷òî
f(t) + F (p) è g(t) + G(p):
I. Ñâîéñòâî ëèíåéíîñòè. Äëÿ ëþáûõ êîìïëåêñíûõ ïîñòîÿííûõ  è 
f(t) + g(t) + F (p) + G(p):
II. Òåîðåìà ïîäîáèÿ. Äëÿ ëþáîãî ïîñòîÿííîãî  > 0
f(t) + 1

F
 p


:
III. Äèôôåðåíöèðîâàíèå îðèãèíàëà. Åñëè f 0(t)  ôóíêöèÿ-îðèãèíàë, òî
f 0(t) + pF (p)  f(0):
Îáîáùåíèå. Åñëè ôóíêöèÿ f(t) n ðàç íåïðåðûâíî äèôôåðåíöèðóåìà ïðè
t > 0 è f (n)(t)  îðèãèíàë, òî
f (n)(t) + pnF (p)  pn 1f(0)  pn 2f 0(0)  : : :  f (n 1)(0):
IV. Äèôôåðåíöèðîâàíèå èçîáðàæåíèÿ.
F 0(p) +  tf(t)
(äèôôåðåíöèðîâàíèå èçîáðàæåíèÿ ðàâíîñèëüíî óìíîæåíèþ îðèãèíàëà íà
 t).
Îáîáùåíèå.
F (n)(p) + ( 1)ntnf(t):
V. Èíòåãðèðîâàíèå îðèãèíàëà.
tZ
0
f() d + F (p)
p
(èíòåãðèðîâàíèå îðèãèíàëà ñâîäèòñÿ ê äåëåíèþ èçîáðàæåíèÿ íà p).
VI. Èíòåãðèðîâàíèå èçîáðàæåíèÿ.
1Z
p
F (p1) dp1 +
f(t)
t
;
åñëè
R1
p F (p1) dp1 ñõîäèòñÿ.
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VII. Òåîðåìà çàïàçäûâàíèÿ. Äëÿ ëþáîãî  > 0 èìååò ìåñòî
f(t  ) + e pF (p):
VIII.Òåîðåìà ñìåùåíèÿ. Äëÿ ëþáîãî êîìïëåêñíîãî  èìååò ìåñòî
etf(t) + F (p  ):
IX.Òåîðåìà óìíîæåíèÿ (Ý. Áîðåëü).
F (p)G(p) +
tZ
0
f()g(t  ) d =
tZ
0
g()f(t  ) d:
Äâà ïîñëåäíèõ èíòåãðàëà íàçûâàþòñÿ ñâåðòêîé ôóíêöèé f è g . Òàêèì îáðà-
çîì, óìíîæåíèå èçîáðàæåíèé ðàâíîñèëüíî ñâåðòêå îðèãèíàëîâ.
Åñëè èçîáðàæåíèå F (p) åñòü ïðàâèëüíàÿ ðàöèîíàëüíàÿ äðîáü: F (p) =
A(p)=B(p), ãäå A(p), B(p)  ìíîãî÷ëåíû è pk , k = 1; : : : ;m,  ïîëþñû
ôóíêöèè F (p) ïîðÿäêà nk (òî åñòü, íóëè ìíîãî÷ëåíà B(p) êðàòíîñòè nk ), òî
îðèãèíàë f(t) ìîæåò áûòü íàéäåí ïî ôîðìóëå
f(t) =
mX
k=1
1
(n  1)! limp!pk
dnk 1
dpnk 1
[F (p)(p  pk)nkept]: (2.2)
Â ÷àñòíîì ñëó÷àå, êîãäà âñå pk , k = 1; : : : ;m,  ïðîñòûå ïîëþñû (nk = 1),
ôîðìóëà (2.2) óïðîùàåòñÿ è ïðèíèìàåò âèä
f(t) =
mX
k=1
A(pk)
B0(pk)
epkt: (2.3)
Ïðèìåð 1. Íàéòè èçîáðàæåíèÿ ñëåäóþùèõ ôóíêöèé-îðèãèíàëîâ f(t):
1) tn ; 2) et ; 3) cos!t; 4) sin!t; 5) ch!t; 6) sh!t; 7)et cos!t;
8) tn sin!t.
Ðåøåíèå. Íåïîñðåäñòâåííûì âû÷èñëåíèåì èíòåãðàëà (2.1) ïðè f(t)  1,
íàõîäèì, ÷òî 1 + 1=p. Ñîãëàñíî IV, ( 1)ntn + (1=p)(n) , îòêóäà 1) tn +
n!=pn+1 .
Ïðèìåíÿÿ VIII, ïîëó÷èì 2) et + 1=(p  ).
Òàê êàê cos!t = (ei!t + e i!t)=2, òî, èñïîëüçóÿ ñâîéñòâî I è íàéäåííîå
èçîáðàæåíèå ôóíêöèè et , ïîëó÷àåì, ÷òî 3)
cos!t + 1
2

1
p  i! +
1
p+ i!

=
p
p2 + !2
:
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Àíàëîãè÷íî, 4) sin!t = (ei!t   e i!t)=2i + !=(p2 + !2), 5) ch!t = (e!t +
e !t)=2 + p=(p2   !2), 6) sh!t = (e!t   e !t)=2 + !=(p2   !2).
Ïðèìåíÿÿ VIII äëÿ ôóíêöèè f(t) = cos!t, íàéäåì 7) et cos!t + (p  
)=[(p  )2 + !2].
Àíàëîãè÷íî, ñâîéñòâà IV è I äëÿ ôóíêöèè f(t) = sin!t, ïðèâîäÿò ê 8)
tn sin!t + ( 1)n[!=(p2 + !2)](n) .
Ïðèìåð 2. Íàéòè îðèãèíàëû ñëåäóþùèõ èçîáðàæåíèé F (p):
1) (p+3)=(p2+4); 2) 1=p(p2  1); 3) (p  1)=(p2+2p+1); 4) 1=(p2+1)2:
Ðåøåíèå. 1) Èìååì
p+ 3
p2 + 4
=
p
p2 + 4
+
3
2
2
p2 + 4
+ cos 2t+ 3
2
sin 2t;
2) Ïåðâûé ñïîñîá. Òàê êàê 1=(p2  1) + sh t, òî, ñîãëàñíî V, 1=p(p2  1) +R t
0 sh d = ch t  1;
Âòîðîé ñïîñîá. Ïðèìåíÿÿ ôîðìóëó (2.3) ïðè m = 3, A(p)  1, B(p) =
p3   p, p1 = 0, n1 = 1, p2 = 1, n2 = 1, p3 =  1, n3 = 1, B0(p) = 3p2   1,
ïîëó÷èì
f(t) =
1
 1 +
1
2
et +
1
2
e t = ch t  1;
3) Èìååì
p  1
(p+ 1)2
=
1
p+ 1
  2
(p+ 1)2
+ e t + te t

1
(p+ 1)2
+ te t (ñì. IV)

;
4) Ïåðâûé ñïîñîá. Òàê êàê 1=(p2 + 1) + sin t, òî, ñîãëàñíî IV, t sin t +
2p=(p2 + 1)2 , à ïðèìåíÿÿ V è I, ïîëó÷èì
1
(p2 + 1)2
+ 1
2
tZ
0
 sin  d =
1
2
sin t  t
2
cos t:
Âòîðîé ñïîñîá. Ïðèìåíÿÿ ôîðìóëó (2.2) ïðè m = 2, A(p)  1, B(p) =
(p2 + 1)2 , p1 = i, n1 = 2, p2 =  i, n2 = 2, ïîëó÷èì
f(t) = lim
p!i
d
dp

(p  i)2ept
(p2 + 1)2

+ lim
p! i
d
dp

(p+ i)2ept
(p2 + 1)2

=
= lim
p!i
d
dp

ept
(p+ i)2

+ lim
p! i
d
dp

ept
(p  i)2

= lim
p!i
ept

t
(p+ i)2
  2
(p+ i)3

+
+ lim
p! i
ept

t
(p  i)2  
2
(p  i)3

= 2Re

eit

t
(2i)2
  2
(2i)3

=
1
2
sin t  t
2
cos t:
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2.2. Ðåøåíèå çàäà÷è Êîøè äëÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé c
ïîñòîÿííûìè êîýôôèöèåíòàìè
Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó: íàéòè ðåøåíèå óðàâíåíèÿ
a0x
(n) + a1x
(n 1) + : : :+ an 1x0 + anx = f(t); (2.4)
óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì
x(0) = x0; x
0(0) = x1; : : : ; x(n 1)(0) = xn 1: (2.5)
Áóäåì ñ÷èòàòü, ÷òî ôóíêöèÿ f(t) è ðåøåíèå x(t) âìåñòå ñ åãî ïðîèçâîäíû-
ìè äî (n  1)-ãî ïîðÿäêà âêëþ÷èòåëüíî ÿâëÿþòñÿ ôóíêöèÿìè-îðèãèíàëàìè.
Ïóñòü x(t) + X(p), f(t) + F (p). Ïî ïðàâèëó äèôôåðåíöèðîâàíèÿ îðèãèíàëà
(ñâîéñòâî III) ñ ó÷åòîì (2.5) íàéäåì
x0(t) + pX(p)  x(0) = pX(p)  x0;
x00(t) + p2X(p)  px(0)  x0(0) = p2X(p)  px0   x1;
  
x(n)(t) + pnX(p)  pn 1x(0)  pn 2x0(0)  : : :  x(n 1)(0) =
= pnX(p)  pn 1x0   pn 2x1   : : :  xn 1:
Ïðèìåíÿÿ ê îáåèì ÷àñòÿì óðàâíåíèÿ (2.4) ïðåîáðàçîâàíèå Ëàïëàñà è ïîëüçó-
ÿñü ñâîéñòâîì ëèíåéíîñòè ïðåîáðàçîâàíèÿ, ïîëó÷àåì îïåðàòîðíîå óðàâíåíèå
A(p)X(p) = F (p) +B(p);
â êîòîðîì A(p) = a0p
n + a1p
n 1 + : : : + an 1p + an , à B(p)  íåêîòîðûé
ìíîãî÷ëåí ñòåïåíè n   1 îò p, êîòîðûé ïîëó÷àåòñÿ ïðè ïåðåíîñå â ïðàâóþ
÷àñòü îïåðàòîðíîãî óðàâíåíèÿ ñëàãàåìûõ, íå ñîäåðæàùèõ èñêîìîãî èçîáðà-
æåíèÿ X(p):
B(p) = a0x0p
n 1 + (a1x0 + a0x1)pn 2 + (a2x0 + a1x1 + a0x2)pn 3 + : : :+
+(an 2x0 + an 3x1 + : : :+ a0xn 2)p+ (an 1x0 + an 2x1 + : : :+ a0xn 1):
Òîãäà X(p) = (F (p) + B(p))=A(p) è ðåøåíèå çàäà÷è Êîøè ñâîäèòñÿ ê îòûñ-
êàíèþ îðèãèíàëà x(t) ïî èçâåñòíîìó èçîáðàæåíèþ X(p).
Ïðèìåð 3. Ðàññìîòðèì çàäà÷ó x+ x = t, x(0) = 1, _x(0) = 0:
Ðåøåíèå. Ïóñòü x(t) + X(p), òîãäà _x(t) + pX(p)  1, x(t) + p2X(p)  p.
Òàê êàê t + 1=p2 , òî îïåðàòîðíîå óðàâíåíèå ïðèíèìàåò âèä
(p2 + 1)X(p) =
1
p2
+ p;
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îòêóäà
X(p) =
p
p2 + 1
+
1
p2
  1
p2 + 1
:
Ïåðåõîäÿ ê îðèãèíàëàì, ïîëó÷èì (ñì. Ïðèìåð 1) x(t) = cos t  sin t+ t.
2.3. Ðåøåíèå çàäà÷è Êîøè äëÿ ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé c ïîñòîÿííûìè êîýôôèöèåíòàìè
Îãðàíè÷èìñÿ ëèøü ðàññìîòðåíèåì ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé âòî-
ðîãî ïîðÿäêà:
nX
k=1
(aikxk + bik _xk + cikxk) = fi(t); i = 1; : : : ; n (2.6)
ñ íà÷àëüíûìè óñëîâèÿìè
xk(0) = k; _xk(0) = k; k = 1; : : : ; n: (2.7)
Ñ÷èòàÿ íåèçâåñòíûå ôóíêöèè xk(t), à òàêæå çàäàííûå ôóíêöèè fi(t), i; k =
1; : : : ; n, ôóíêöèÿìè-îðèãèíàëàìè è îáîçíà÷àÿ ÷åðåç Xk(p) è Fi(p) ñîîòâåò-
ñòâóþùèå èì èçîáðàæåíèÿ, îò ñèñòåìû (2.6), ó÷èòûâàÿ ñâîéñòâî III è íà÷àëü-
íûå óñëîâèÿ (2.7), ïðèäåì ê îïåðàòîðíîé ñèñòåìå
nX
k=1
 
aikp
2 + bikp+ cik

Xk(p) =
= Fi(p) +
nX
k=1
[(aikp+ bik)k + aikk] ; i = 1; : : : ; n:
Ýòà ñèñòåìà ÿâëÿåòñÿ ëèíåéíîé àëãåáðàè÷åñêîé ñèñòåìîé óðàâíåíèé äëÿ îïðå-
äåëåíèÿ èçîáðàæåíèé X1(p); : : : ; Xn(p); ñîîòâåòñòâóþùèå îðèãèíàëû êîòî-
ðûõ x1(t); : : : ; xn(t) áóäóò ðåøåíèÿìè çàäà÷è Êîøè (2.6), (2.7).
Ïðèìåð 4. Ðåøèì çàäà÷ó
x+ _y = t; _x+ y = 1;
x(0) = y(0) = 1; _x(0) = _y(0) = 0:
Ðåøåíèå. Ïóñòü x(t) + X(p), y(t) + Y (p). Òîãäà _x(t) + pX(p)  1, x(t) +
p2X(p)   p; _y(t) + pY (p)   1, y(t) + pY (p)   p. Çàïèñûâàÿ èçîáðàæåíèÿ
ïðàâûõ ÷àñòåé ñèñòåìû, ïðèäåì ê îïåðàòîðíîé ñèñòåìå:
p2X(p) + pY (p) = 1 + p+ 1=p2;
pX(p) + p2Y (p) = 1 + p+ 1=p;
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ðåøàÿ êîòîðóþ, íàéäåì
X(p) =
1
p
; Y (p) =
1
p
+
1
p3
;
îòêóäà
x(t) = 1; y(t) = 1 +
t2
2
:
Çàäà÷è.
Ðåøèòü îïåðàöèîííûì ìåòîäîì óðàâíåíèÿ è ñèñòåìû óðàâíåíèé:
1: x00   x0 = 1; x(0) =  1; x0(0) =  1:
2: x00 + 6x0 = 12t+ 2; x(0) = 0; x0(0) = 0:
3: x00 + x = 2 cos t; x(0) =  1; x0(0) = 1:
4: x00   x0 = 2 sin t; x(0) = 2; x0(0) = 0:
5: x00 + 2x0 + 3x = t cos t; x(0) =  1
4
; x0(0) = 0:
6:

_x+ y = 0;
_y + x = 0; x(0) = 2; y(0) = 0:
7:

_x =  y;
_y = 2(y + x); x(0) = 1; y(0) = 1:
8:

_x =  x+ y + et;
_y = x  y + et; x(0) = 1; y(0) = 1:
9:
8<: _x  _y =   sin t;_x+ _y = cos t; x(0) = 1
2
; y(0) =  1
2
:
10:

x = y;
y = x; x(0) = y(0) = 1; x0(0) = 2; y0(0) = 0:
Îòâåòû.
1: x =  1  t:
2: x = t2:
3: x = (t+ 1) sin t  cos t:
4: x = et + cos t  sin t:
5: x =
1
4
(t  1)(sin t+ cos t):
6: x = et + e t; y =  et + e t:
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7: x = et(cos t  2 sin t); y = et(cos t+ 3 sin t):
8: x = et; y = et:
9: x =
1
2
(cos t+ sin t); y =
1
2
(  cos t+ sin t):
10: x = et + sin t; y = et   sin t:
3. Êðàåâûå çàäà÷è. Ôóíêöèÿ Ãðèíà
Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó. Íàéòè ðåøåíèå óðàâíåíèÿ
a0(t)x+ a1(t) _x+ a2(t)x = f(t); t0 6 t 6 t1; (3.1)
óäîâëåòâîðÿþùåå óñëîâèÿì:
10 _x(t0) + 11x(t0) + 10 _x(t1) + 11x(t1) = 1;
20 _x(t0) + 21x(t0) + 20 _x(t1) + 21x(t1) = 2:
(3.2)
Çäåñü ij , ij , i , i; j = 1; 2,  çàäàííûå ïîñòîÿííûå. Êîýôôèöèåíòû óðàâ-
íåíèÿ (3.1) è åãî ïðàâóþ ÷àñòü f(t) áóäåì ñ÷èòàòü íåïðåðûâíûìè íà îòðåçêå
[t0; t1]. Ïîñòàâëåííàÿ çàäà÷à íàçûâàåòñÿ êðàåâîé èëè ãðàíè÷íîé çàäà÷åé, à
óñëîâèÿ (3.2) íàçûâàåòñÿ êðàåâûìè (ãðàíè÷íûìè) óñëîâèÿìè. Îòìåòèì, ÷òî
ýòè óñëîâèÿ íå ïîçâîëÿþò îïðåäåëèòü çíà÷åíèÿ x(t) è _x(t) íè ïðè t = t0 , íè
ïðè t = t1 . Ïîýòîìó êðàåâàÿ çàäà÷à íå ñâîäèòñÿ ê çàäà÷å Êîøè è êàðòèíà åå
ðàçðåøèìîñòè ìîæåò áûòü ëþáîé: êðàåâàÿ çàäà÷à ìîæåò èìåòü åäèíñòâåííîå
ðåøåíèå, ìîæåò èìåòü áåñ÷èñëåííîå ìíîæåñòâî ðåøåíèé, à ìîæåò íå èìåòü
ðåøåíèé. Îòìåòèì òàêæå, ÷òî åñëè ïîäîáðàòü ëþáóþ ôóíêöèþ !(t), óäîâëå-
òâîðÿþùóþ êðàåâûì óñëîâèÿì (3.2) (åå èùóò, êàê ïðàâèëî, â âèäå ìíîãî÷ëå-
íà) è ñäåëàòü çàìåíó èñêîìîé ôóíêöèè x(t) = y(t) + !(t), òî îòíîñèòåëüíî
íîâîé íåèçâåñòíîé ôóíêöèè y(t) ïîëó÷èòñÿ óðàâíåíèå (3.1) ñ ïðàâîé ÷àñòüþ
f1(t) = f(t) a0(t)!(t) a1(t) _!(t) a2(t)!(t) ñ îäíîðîäíûì ãðàíè÷íûì óñëî-
âèÿì (1 = 2 = 0). Ïîýòîìó, â äàëüíåéøåì, ìû áóäåì ïðåäïîëàãàòü, ÷òî
òàêàÿ çàìåíà óæå ñäåëàíà, è áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (3.1), óäîâëå-
òâîðÿþùåå îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì
10 _x(t0) + 11x(t0) + 10 _x(t1) + 11x(t1) = 0;
20 _x(t0) + 21x(t0) + 20 _x(t1) + 21x(t1) = 0:
(3.3)
Ôóíêöèåé Ãðèíà êðàåâîé çàäà÷è (3.1), (3.3) íàçûâàåòñÿ ôóíêöèÿ äâóõ ïå-
ðåìåííûõ G(t; s), äëÿ êîòîðîé âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
32
I. Ïðè t 6= s ôóíêöèÿ G(t; s) óäîâëåòâîðÿåò îäíîðîäíîìó óðàâíåíèþ
a0(t)x+ a1(t) _x+ a2(t)x = 0: (3.4)
II. Ïðè t = t0 è t = t1 ôóíêöèÿ G(t; s) óäîâëåòâîðÿåò ñîîòâåòñòâåííî
ïåðâîìó è âòîðîìó êðàåâûì óñëîâèÿì (3.3).
III. Ïðè t = s ôóíêöèÿ G(t; s) íåïðåðûâíà:
G(t; s)jt=s+0 = G(t; s)jt=s 0:
IV. Ïðè t = s åå ÷àñòíàÿ ïðîèçâîäíàÿ G0t(t; s) èìååò ñêà÷îê, ðàâíûé
1=a0(s):
G0t(t; s)jt=s+0  G0t(t; s)jt=s 0 =
1
a0(s)
:
Åñëè êðàåâàÿ çàäà÷à (3.1), (3.3) èìååò åäèíñòâåííîå ðåøåíèå, òî óñëîâèÿ
IIV îäíîçíà÷íî îïðåäåëÿþò åå ôóíêöèþ Ãðèíà, à ðåøåíèå êðàåâîé çàäà÷è
äàåòñÿ ôîðìóëîé
x(t) =
t1Z
t0
G(t; s)f(s) ds: (3.5)
Ìåòîä ôóíêöèè Ãðèíà óäîáåí â òîì ñëó÷àå, êîãäà ïðèõîäèòñÿ ìíîãîêðàò-
íî ðåøàòü êðàåâóþ çàäà÷ó (3.1), (3.3), èçìåíÿÿ ëèøü ïðàâóþ ÷àñòü óðàâíå-
íèÿ (3.1). Òîãäà, ïîñòðîèâ ôóíêöèþ Ãðèíà, ðåøåíèå êàæäîé òàêîé çàäà÷è
çàïèøåì ïî ôîðìóëå (3.5).
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:
Vi;t0[x] = i0 _x(t0) + i1x(t0); Vi;t1[x] = i0 _x(t1) + i1x(t1); i = 1; 2:
Â ýòèõ îáîçíà÷åíèÿõ êðàåâûå óñëîâèÿ (3.3) çàïèøóòñÿ òàê:
Vi[x] = Vi;t0[x] + Vi;t1[x] = 0; i = 1; 2: (3.6)
Ïóñòü x1(t), x2(t)  ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé óðàâíåíèÿ (3.4)
è x(t) = C1x1(t) + C2x2(t)  åãî îáùåå ðåøåíèå (C1 , C2  ïðîèçâîëüíûå
ïîñòîÿííûå). Òàê êàê êðàåâàÿ çàäà÷à (3.1), (3.6) èìååò åäèíñòâåííîå ðåøåíèå,
òî îäíîðîäíàÿ êðàåâàÿ çàäà÷à (3.4), (3.6) íå èìååò íåòðèâèàëüíûõ ðåøåíèé.
Ïîýòîìó óñëîâèÿ
Vi[C1x1 + C2x2] = C1Vi[x1] + C2Vi[x2] = 0; i = 1; 2;
ìîãóò âûïîëíÿòüñÿ ëèøü ïðè C1 = C2 = 0, è îïðåäåëèòåëü ýòîé ñèñòåìû 
îòëè÷åí îò íóëÿ:
 =
 V1[x1] V1[x2]V2[x1] V2[x2]
 6= 0: (3.7)
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Ñîãëàñíî ñâîéñòâó I, áóäåì èñêàòü ôóíêöèþ Ãðèíà â âèäå
G(t; s) =
(
A1(s)x1(t) + A2(s)x2(t); t0 6 t 6 s;
B1(s)x1(t) +B2(s)x2(t); s 6 t 6 t1:
(3.8)
Òîãäà, â ñèëó III, ïðè t = s äîëæíî âûïîëíÿòüñÿ ðàâåíñòâî
B1(s)x1(s) +B2(s)x2(s) = A1(s)x1(s) + A2(s)x2(s):
Ïîäñòàâèâ ÷àñòíóþ ïðîèçâîäíóþ ôóíêöèè Ãðèíà ïî ïåðåìåííîé t
G0t(t; s) =
(
A1(s)x
0
1(t) + A2(s)x
0
2(t); t0 6 t 6 s;
B1(s)x
0
1(t) +B2(s)x
0
2(t); s 6 t 6 t1;
â óñëîâèå IV, ïîëó÷èì
B1(s)x
0
1(s) +B2(s)x
0
2(s)  (A1(s)x01(s) + A2(s)x02(s)) = 1=a0(s):
Ââîäÿ íîâûå íåèçâåñòíûå ôóíêöèè Ci(s) = Bi(s)   Ai(s); i = 1; 2, ïðèäåì ê
ñèñòåìå ðàâåíñòâ
C1(s)x1(s) + C2(s)x2(s) = 0;
C1(s)x
0
1(s) + C2(s)x
0
2(s) = 1=a0(s);
(3.9)
êîòîðàÿ èìååò åäèíñòâåííîå ðåøåíèå fC1(s); C2(s)g, òàê êàê åå îïðåäåëèòå-
ëåì ÿâëÿåòñÿ îïðåäåëèòåëü Âðîíñêîãî ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé
x1(s), x2(s):
Óäîâëåòâîðÿÿ, íàêîíåö, óñëîâèÿì II è ó÷èòûâàÿ (3.6), (3.8), ïîëó÷èì
A1(s)Vi;t0[x1] + A2(s)Vi;t0[x2] +B1(s)Vi;t1[x1] +B2(s)Vi;t1[x2] = 0; i = 1; 2:
Ïîëîæèâ â ýòèõ ðàâåíñòâàõ Bi(s) = Ci(s) + Ai(s), i = 1; 2, ìû ïðèäåì ê
ñèñòåìå ðàâåíñòâ
A1(s)V1[x1] + A2(s)V1[x2] =  C1(s)V1;t1[x1]  C2(s)V1;t1[x2];
A1(s)V2[x1] + A2(s)V2[x2] =  C1(s)V2;t1[x1]  C2(s)V2;t1[x2];
(3.10)
êîòîðàÿ, ñîãëàñíî (3.7), îäíîçíà÷íî ðàçðåøèìà. Îïðåäåëèâ îòñþäà Ai(s), à
çàòåì, ïî íàéäåííûì ðàíåå Ci(s), è êîýôôèöèåíòû Bi(s), i = 1; 2; ôóíêöèþ
Ãðèíà êðàåâîé çàäà÷è (3.1), (3.3) ïîëó÷èì ïî ôîðìóëå (3.8).
Ïðèìåð 1. Ðåøèì çàäà÷ó
x+ x = f(t);
x(0) + _x() = 1; _x(0)  x() =  1:
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Ðåøåíèå. Êðàåâûå óñëîâèÿ çàäà÷è íåîäíîðîäíûå. Áóäåì èñêàòü ôóíê-
öèþ !(t), óäîâëåòâîðÿþùóþ ýòèì óñëîâèÿì, â âèäå ìíîãî÷ëåíà: !(t) = at+b.
Ïîäñòàâèâ åå â êðàåâûå óñëîâèÿ, íàéäåì !(t)  1. Ïîëàãàÿ x(t) = y(t) +
!(t) = y(t) + 1; ãäå y(t)  íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ, ïðèäåì ê êðàåâîé
çàäà÷å ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè:
y + y = f1(t);
y(0) + _y() = 0; _y(0)  y() = 0;
ãäå f1(t) = f(t)  1.
Ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé îäíîðîäíîãî óðàâíåíèÿ y + y = 0
ñîñòàâëÿþò ôóíêöèè y1(t) = cos t, y2(t) = sin t: Ïîýòîìó ôóíêöèþ Ãðèíà,
ñîãëàñíî (3.8), èùåì â âèäå
G(t; s) =
(
A1(s) cos t+ A2(s) sin t; 0 6 t 6 s;
B1(s) cos t+B2(s) sin t; s 6 t 6 :
Ðåøèâ ñîîòâåòñòâóþùóþ ñèñòåìó (3.9):
C1(s) cos s+ C2(s) sin s = 0;
 C1(s) sin s+ C2(s) cos s = 1;
ïîëó÷èì C1(s) =   sin s, C2(s) = cos s.
×òîáû çàïèñàòü ñèñòåìó (3.10), óäîáíåå âîñïîëüçîâàòüñÿ âèäîì ôóíêöèé
G(t; s) è G0t(t; s) è ïîòðåáîâàòü âûïîëíåíèÿ äëÿ íèõ ñâîéñòâà II:
G(0; s) +G0t(; s) = 0; G
0
t(0; s) G(; s) = 0:
Òîãäà ïîëó÷èì A1(s)  B2(s) = 0, A2(s) + B1(s) = 0: Ïîëàãàÿ Bi = Ai + Ci ,
i = 1; 2, ãäå Ci îïðåäåëåíû âûøå, ïðèäåì ê ñîîòâåòñòâóþùåé ñèñòåìå (3.10):
A1(s)  A2(s) = cos s; A1(s) + A2(s) = sin s:
Ðåøèâ ýòó ñèñòåìó, íàéäåì
A1 = (sin s+ cos s)=2; A2 = (sin s  cos s)=2:
Òîãäà
B1 = A1 + C1 =  (sin s  cos s)=2; B2 = A2 + C2 = (sin s+ cos s)=2:
Òàêèì îáðàçîì,
G(t; s) =
(
(cos(t  s)  sin(t  s))=2; 0 6 t 6 s;
(cos(t  s) + sin(t  s))=2; s 6 t 6 :
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Ðåøåíèå çàäà÷è ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè çàïèøåì ïî ôîðìóëå
(3.5):
y(t) =
Z
0
G(t; s)f1(s) ds:
×òîáû âû÷èñëèòü ýòîò èíòåãðàë, íóæíî ðàçáèòü åãî òî÷êîé s = t íà äâà
èíòåãðàëà è çàïèñàòü ôóíêöèþ Ãðèíà êàê ôóíêöèþ ïåðåìåííîé s:
G(t; s) =
(
(cos(t  s) + sin(t  s))=2; 0 6 s 6 t;
(cos(t  s)  sin(t  s))=2; t 6 s 6 :
Ðåøåíèå èñõîäíîé êðàåâîé çàäà÷è òîãäà çàïèøåòñÿ â ñëåäóþùåì âèäå:
x(t) = 1 +
tZ
0
G(t; s)f(s) ds+
Z
t
G(t; s)f(s) ds 
Z
0
G(t; s) ds:
Çàäà÷è.
Ïîñòðîèòü ôóíêöèþ Ãðèíà ñëåäóþùèõ êðàåâûõ çàäà÷:
1: x00 = f(t); x(0) = 0; x(1) = 0:
2: x00 + x = f(t); x0(0) = 0; x() = 0:
3: x00 + x = f(t); x(0) = 0; x0(1) = 0:
4: x00   x = f(t); x0(0) = 0; x0(2) + x(2) = 0:
5: x00 + x = f(t); x(0) = x(); x0(0) = x0():
Îòâåòû.
1: G = (s  1)t; t 2 [0; s]; G = s(t  1); t 2 [s; 1]:
2: G = sin s cos t; t 2 [0; s]; G = cos s sin t; t 2 [s; ]:
3: G = es(e t   1); t 2 [0; s]; G = 1  es; t 2 [s; 1]:
4: G =  e s ch t; t 2 [0; s]; G =  e t ch s; t 2 [s; 2]:
5: G =
1
2
sin jt  sj:
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4. Óñòîé÷èâîñòü
Ðàññìîòðèì ñèñòåìó óðàâíåíèé
dxi
dt
= fi(t; x1; : : : ; xn); i = 1; : : : ; n; (4.1)
èëè, â âåêòîðíîé çàïèñè
dx
dt
= f(t;x); x = (x1; : : : ; xn): (4.2)
Âåêòîð-ôóíêöèþ f(t;x) áóäåì ñ÷èòàòü óäîâëåòâîðÿþùåé óñëîâèÿì òåîðåìû
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè íà îòêðûòîì ìíîæå-
ñòâå G : t > ; x 2 D; ãäå D  íåêîòîðîå îòêðûòîå ìíîæåñòâî ïðîñòðàíñòâà
ïåðåìåííûõ x1; : : : ; xn:
Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî ôóíêöèè fi è
@fi
@xk
íåïðåðûâíû ïðè
t > t0 , i; k = 1; : : : ; n.
Îïðåäåëåíèå. Ðåøåíèå x = '(t) ñèñòåìû (4.2), îïðåäåëåííîå íà ïðîìå-
æóòêå [t0;+1), íàçûâàåòñÿ óñòîé÷èâûì ïî Ëÿïóíîâó, åñëè äëÿ ëþáîãî " > 0
ñóùåñòâóåò òàêîå  > 0, ÷òî
1) ëþáîå ðåøåíèå x = x(t), óäîâëåòâîðÿþùåå óñëîâèþ
jx(t0) '(t0)j < ; (4.3)
îïðåäåëåíî â ïðîìåæóòêå [t0;+1);
2) äëÿ âñåõ ýòèõ ðåøåíèé âûïîëíÿåòñÿ íåðàâåíñòâî
jx(t) '(t)j < " ïðè t > t0: (4.4)
Èíûìè ñëîâàìè, ðåøåíèå x = '(t) óñòîé÷èâî, åñëè âñå äîñòàòî÷íî áëèç-
êèå ê íåìó â ëþáîé çàðàíåå âûáðàííûé íà÷àëüíûé ìîìåíò t = t0 ðåøåíèÿ
x = x(t) öåëèêîì ñîäåðæàòñÿ â ñêîëü óãîäíî óçêîé "-òðóáêå, ïîñòðîåííîé
âîêðóã ðåøåíèÿ x = '(t).
Åñëè æå äëÿ íåêîòîðîãî " òàêîãî  íå ñóùåñòâóåò, òî ðåøåíèå x = '(t)
íàçûâàåòñÿ íåóñòîé÷èâûì.
Îïðåäåëåíèå. Ðåøåíèå x = '(t) ñèñòåìû (4.2) íàçûâàåòñÿ àñèìïòîòè-
÷åñêè óñòîé÷èâûì, åñëè îíî óñòîé÷èâî è, êðîìå òîãî, äëÿ âñåõ ðåøåíèé
x = x(t), óäîâëåòâîðÿþùèõ óñëîâèþ (4.3) âûïîëíÿåòñÿ
jx(t) '(t)j ! 0; t! +1: (4.5)
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ßñíî, ÷òî óñëîâèå (4.5) ñèëüíåå, ÷åì óñëîâèå (4.4), ïîòîìó ÷òî îíî îçíà÷àåò,
÷òî ðåøåíèå x = x(t) íå ïðîñòî ñîäåðæèòñÿ â "-òðóáêå, à åùå è ñòðåìèòñÿ ê
ðåøåíèþ x = '(t).
Íàëè÷èå èëè îòñóòñòâèå óñòîé÷èâîñòè íå çàâèñèò îò âûáîðà òî÷êè t0 . Èç
íåðàâåíñòâ (4.3)(4.4) ñëåäóåò, ÷òî âñåãäà ñëåäóåò âûáèðàòü  6 ".
Âîïðîñ èññëåäîâàíèÿ óñòîé÷èâîñòè íåêîòîðîãî ðåøåíèÿ x = '(t) ñèñòå-
ìû (4.2) âñåãäà ìîæíî ñâåñòè ê èññëåäîâàíèþ óñòîé÷èâîñòè íóëåâîãî ðå-
øåíèÿ y(t)  0 äðóãîé ñèñòåìû óðàâíåíèé, ïîëó÷àåìîé èç (4.2) çàìåíîé
x = y + '(t). Íà ðèñóíêå íèæå ïîêàçàíà óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ â
äâóìåðíîì ñëó÷àå.
Ðèñ. 1.
Ïðèìåð 1. Âûÿñíèòü, óñòîé÷èâî ëè ðåøåíèå óðàâíåíèÿ y0 + y tg x = secx
ñ íà÷àëüíûì óñëîâèåì y(0) = 0?
Ðåøåíèå. Îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ èìååò âèä y = sin x + C cosx.
Ïîäñòàâèâ ñþäà íà÷àëüíîå óñëîâèå, ïîëó÷èì C = 0. Òàêèì îáðàçîì, íà óñòîé-
÷èâîñòü òðåáóåòñÿ èññëåäîâàòü ðåøåíèå '(x) = sin x.
Ðàçíîñòü y(x)  '(x) = C cosx. Âûáåðåì x0 = 0. Çàïèøåì óñëîâèå (4.3):
jy(x0)   '(x0)j = jCj <  . Íåðàâåíñòâî (4.4) ïðèíèìàåò âèä jC cosxj < ".
Ëåãêî âèäåòü, ÷òî äëÿ åãî âûïîëíåíèÿ ïðè âñåõ x > x0 = 0 äîñòàòî÷íî
âûáðàòü ëþáîå ïîëîæèòåëüíîå  6 ". Ñëåäîâàòåëüíî, ðåøåíèå '(x) = sin x
èñõîäíîãî óðàâíåíèÿ óñòîé÷èâî.
Ïîñêîëüêó âûðàæåíèå jy(x)   '(x)j = jC cosxj íå ñòðåìèòñÿ ê íóëþ ïðè
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x! +1 è ìàëûõ C 6= 0, ýòî ðåøåíèå íå áóäåò àñèìïòîòè÷åñêè óñòîé÷èâûì.
Ïðèìåð 2. Âûÿñíèòü, óñòîé÷èâî ëè ðåøåíèå óðàâíåíèÿ x0 = 3 3
p
x2 ñ íà-
÷àëüíûì óñëîâèåì x(0) = 1?
Ðåøåíèå. Îáùåå ðåøåíèå äàííîãî óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåí-
íûìè èìååò âèä x = (t C)3 , êðîìå òîãî, åñòü åùå ðåøåíèå x = 0. Ðåøåíèå,
óäîâëåòâîðÿþùåå çàäàííîìó íà÷àëüíîìó óñëîâèþ, ïîëó÷àåòñÿ ïðè C =  1
è èìååò âèä '(t) = (t+ 1)3 .
Ðàçíîñòü x(t) '(t) =  3t2(C+1)+3t(C2 1) (C3+1). Âîçüìåì t0 = 0.
Óñëîâèå (4.3) ïðèìåò âèä jC3 + 1j <  . Îòñþäà 3p 1   < C < 3p 1 +  .
Ýòî îçíà÷àåò, ÷òî C ïðèíàäëåæèò íåêîòîðîìó îòêðûòîìó èíòåðâàëó, ñîäåð-
æàùåìó òî÷êó  1.
Çàïèøåì òåïåðü óñëîâèå (4.4): j 3t2(C + 1) + 3t(C2   1)  (C3 + 1)j < ".
Ïîä çíàêîì ìîäóëÿ ñòîèò ìíîãî÷ëåí îò t, íå ðàâíûé êîíñòàíòå ïðè âñåõ
C 6=  1. ßñíî, ÷òî ìîäóëü ýòîãî ìíîãî÷ëåíà íå ìîæåò áûòü îãðàíè÷åí ñâåðõó
íèêàêèì ÷èñëîì " ïðè t! +1. Ïîýòîìó ðåøåíèå '(t) = (t+1)3 íå ÿâëÿåòñÿ
óñòîé÷èâûì.
4.1. Óñòîé÷èâîñòü ïî ïåðâîìó ïðèáëèæåíèþ
Ðàññìîòðèì îäèí èç ìåòîäîâ èññëåäîâàíèÿ íà óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ
ñèñòåìû (4.1). Ðàçëîæèì ôóíêöèè fi â ðÿä Òåéëîðà â òî÷êå x1 = x2 = : : : =
xn = 0 ñ òî÷íîñòüþ äî ñëàãàåìûõ ïåðâîé ñòåïåíè:
fi(t;x) = ai1x1 + : : :+ ainxn +  i(t;x); i = 1; : : : ; n; (4.6)
ãäå aij , i; j = 1; : : : ; n,  ïîñòîÿííûå ÷èñëà, à ôóíêöèè  i(t;x)  áåñêîíå÷íî
ìàëûå ïîðÿäêà âûøå ïåðâîãî, òî åñòü,
lim
jxj!0
j i(t;x)j
jxj = 0 (4.7)
ðàâíîìåðíî ïî t > t0 (çäåñü jxj =
p
x21 + : : :+ x
2
n). Ïóñòü A = (aij)  ìàò-
ðèöà èç êîýôôèöèåíòîâ ðàçëîæåíèé (4.6).
Òåîðåìà Ëÿïóíîâà îá óñòîé÷èâîñòè ïî ïåðâîìó ïðèáëèæåíèþ. Åñëè âåùå-
ñòâåííûå ÷àñòè âñåõ ñîáñòâåííûõ çíà÷åíèé ìàòðèöû A îòðèöàòåëüíû,
à ôóíêöèè fi , i = 1; : : : ; n, óäîâëåòâîðÿþò ðàâåíñòâó (4:7), òî íóëåâîå
ðåøåíèå ñèñòåìû (4:1) àñèìïòîòè÷åñêè óñòîé÷èâî. Åñëè õîòÿ áû îäíî
ñîáñòâåííîå çíà÷åíèå ìàòðèöû A èìååò ïîëîæèòåëüíóþ âåùåñòâåííóþ
÷àñòü, òî íóëåâîå ðåøåíèå íåóñòîé÷èâî.
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Ýòà òåîðåìà, òàêèì îáðàçîì, ïîçâîëÿåò èññëåäîâàòü ëèøü ñëó÷àé àñèìïòî-
òè÷åñêîé óñòîé÷èâîñòè èëè íåóñòîé÷èâîñòè. Åñëè æå ñîáñòâåííûå çíà÷åíèÿ
ìàòðèöû A èìåþò êàê îòðèöàòåëüíûå, òàê è íóëåâûå âåùåñòâåííûå ÷àñòè
(íî íåò ñîáñòâåííûõ çíà÷åíèé ñ ïîëîæèòåëüíîé âåùåñòâåííîé ÷àñòüþ), òî
òåîðåìà íå äàåò îòâåòà îá óñòîé÷èâîñòè (íåóñòîé÷èâîñòè) íóëåâîãî ðåøåíèÿ.
Â ýòîì ñëó÷àå íåîáõîäèìî äîïîëíèòåëüíîå èññëåäîâàíèå (ñì. ï. 4.2).
Ïðèìåð 3. Ðàññìîòðèì ïðèìåð, èëëþñòðèðóþùèé ýòó òåîðåìó. Ïóñòü äàíà
ñèñòåìà óðàâíåíèé
_x =  x;
_y =  3y: (4.8)
Ðåøåíèå. Ýòà ñèñòåìà ëåãêî ðåøàåòñÿ: x = C1e
 t , y = C2e 3t . Èñêëþ-
÷èâ îòñþäà t è îáîçíà÷èâ k = C2=C
3
1 , ïîëó÷èì y = kx
3 . Òàêèì îáðàçîì,
òðàåêòîðèÿìè ñèñòåìû óðàâíåíèé (4.8) ÿâëÿþòñÿ âñåâîçìîæíûå êóáè÷åñêèå
ïàðàáîëû, à òàêæå ïðÿìûå x = 0 è y = 0 (ïðè C1 = 0 èëè C2 = 0). Èç òî-
ãî, ÷òî lim
t!+1 e
 t = 0, ñëåäóåò, ÷òî äâèæåíèå ïî òðàåêòîðèè îñóùåñòâëÿåòñÿ â
ñòîðîíó íà÷àëà êîîðäèíàò. Ïîýòîìó, åñëè âçÿòü ðåøåíèå ñèñòåìû, äîñòàòî÷íî
áëèçêîå ê íóëåâîìó, òî ýòî ðåøåíèå áóäåò ñòðåìèòüñÿ ê íóëþ ïðè t ! +1.
Òàêèì îáðàçîì, íóëåâîå ðåøåíèå ñèñòåìû (4.8) àñèìïòîòè÷åñêè óñòîé÷èâî.
Ìàòðèöà A â ðàññìàòðèâàåìîì ñëó÷àå èìååò âèä
  1 0
0  3

. Åå ñîáñòâåí-
íûå çíà÷åíèÿ ðàâíû  1 è  3 è àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü íóëåâîãî ðå-
øåíèÿ ñëåäóåò òàêæå èç òåîðåìû Ëÿïóíîâà îá óñòîé÷èâîñòè ïî ïåðâîìó ïðè-
áëèæåíèþ.
Ïðèìåð 4. Èññëåäóåì íà óñòîé÷èâîñòü íóëåâîå ðåøåíèå ñèñòåìû óðàâíå-
íèé
_x =
q
9  x+ 2y   3 cos 2y;
_y = ex   e2y + ln(1  5x):
(4.9)
Ðåøåíèå. Ðàçëîæèì â ðÿä Òåéëîðà ñ òî÷íîñòüþ äî o(
p
x2 + y2) âñå âõîäÿ-
ùèå â ïðàâûå ÷àñòè ôóíêöèè:
q
9  x+ 2y = 3
q
1  x=9 + 2y=9  3  x=6+
y=3; 3 cos 2y  3; ex  1 + x; e2y  1 + 2y ; ln(1  5x)   5x.
Ñëåäîâàòåëüíî, ñ òî÷íîñòüþ äî o(
p
x2 + y2) ñèñòåìà ïðèíèìàåò âèä
_x =  1
6
x+
1
3
y;
_y =  4x  2y;
A =
 
 1=6 1=3
 4  2
!
:
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Íàõîäèì ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A:
det(A  E) =
  1=6   1=3 4  2  
 = 2 + 136 + 53 = 0:
Êîðíÿìè ýòîãî óðàâíåíèÿ ÿâëÿþòñÿ ÷èñëà 1;2 =  13
12

p
71
12
. Îíè âåùåñòâåí-
íû è îòðèöàòåëüíû, ñëåäîâàòåëüíî, íóëåâîå ðåøåíèå ñèñòåìû (4.9) àñèìïòî-
òè÷åñêè óñòîé÷èâî.
Çàäà÷è.
Ñ ïîìîùüþ òåîðåìû Ëÿïóíîâà îá óñòîé÷èâîñòè ïî ïåðâîìó ïðèáëèæåíèþ
èññëåäîâàòü íà óñòîé÷èâîñòü íóëåâîå ðåøåíèå ñëåäóþùèõ ñèñòåì:
1:

_x = ex+2y   cos 3x;
_y =
p
4 + 8x  2ey: 2:

_x = ln(3ey   2 cos x);
_y = 2ex   (8 + 12y)1=3:
3:

_x = ln(4y + e 3x);
_y = 2y   1 + (1  6x)1=3: 4:

_x =  10x+ 4ey   4 cos y2;
_y = 2ex   2  y + x4:
5:
8<: _x = 7x+ 2 sin y   y
4;
_y = ex   3y   1 + 5
2
x2:
Îòâåòû.
1: íåóñòîé÷èâî.
2: íåóñòîé÷èâî.
3: àñèìïòîòè÷åñêè óñòîé÷èâî.
4: àñèìïòîòè÷åñêè óñòîé÷èâî.
5: íåóñòîé÷èâî.
4.2. Èññëåäîâàíèå íà óñòîé÷èâîñòü ñ ïîìîùüþ òåîðåìû Ëÿïóíîâà
Â ñëó÷àå, êîãäà ó ìàòðèöû A íåò ïîëîæèòåëüíûõ ñîáñòâåííûõ çíà÷åíèé, íî
åñòü ñîáñòâåííûå çíà÷åíèÿ, ðàâíûå íóëþ, òåîðåìà îá óñòîé÷èâîñòè ïî ïåðâî-
ìó ïðèáëèæåíèþ îêàçûâàåòñÿ íåïðèìåíèìà.
Ðàññìîòðèì ôóíêöèþ V (t;x), íåïðåðûâíî äèôôåðåíöèðóåìóþ â îáëàñòè
D = fjjxjj < "; t > t0g:
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Îïðåäåëåíèå. Ôóíêöèÿ V (t;x) íàçûâàåòñÿ çíàêîïîñòîÿííîé (çíàêîïîëî-
æèòåëüíîé èëè çíàêîîòðèöàòåëüíîé) â îáëàñòè D , åñëè
V (t;x) > 0 (èëè V (t;x) 6 0) ïðè (t;x) 2 D:
Îïðåäåëåíèå. Ôóíêöèÿ V (t;x) íàçûâàåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé
â îáëàñòè D , åñëè ñóùåñòâóåò íåïðåðûâíàÿ ôóíêöèÿ W (x), jjxjj < " òàêàÿ,
÷òî
V (t;x) > W (x) > 0 ïðè x 6= 0; V (t; 0) = W (0) = 0:
Ôóíêöèÿ V (t;x) íàçûâàåòñÿ îòðèöàòåëüíî îïðåäåëåííîé â îáëàñòè D , åñëè
ñóùåñòâóåò íåïðåðûâíàÿ ôóíêöèÿ W (x), jjxjj < " òàêàÿ, ÷òî
V (t;x) 6  W (x) < 0 ïðè x 6= 0; V (t; 0) = W (0) = 0:
Ïîëîæèòåëüíî èëè îòðèöàòåëüíî îïðåäåëåííàÿ ôóíêöèÿ íàçûâàåòñÿ çíà-
êîîïðåäåëåííîé â D .
Â êà÷åñòâå ôóíêöèè W (x) èíîãäà ìîæíî âçÿòü W (x) = inf
t
jV (t;x)j.
Ðàññìîòðèì òåïåðü ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé
dxi
dt
= fi(t;x); x = (x1; : : : ; xn); i = 1; : : : ; n; (t;x) 2 G: (4.10)
Ôóíêöèþ
_V (t;x) =
@V
@t
+
nX
i=1
@V
@xi
fi(t;x)
íàçûâàþò ïðîèçâîäíîé ïî t â ñèëó ñèñòåìû (4:10). Åñëè x(t) åñòü ðåøå-
íèå ñèñòåìû (4.10), òî _V (t;x) ïðåäñòàâëÿåò ñîáîé ïîëíóþ ïðîèçâîäíóþ ïî t
ñëîæíîé ôóíêöèè V (t;x(t)).
Òåîðåìà Ëÿïóíîâà îá óñòîé÷èâîñòè. Åñëè äëÿ ñèñòåìû óðàâíåíèé (4:10)
ñóùåñòâóåò ïîëîæèòåëüíî îïðåäåëåííàÿ â îáëàñòè D ôóíêöèÿ V (t;x),
ïðîèçâîäíàÿ _V (t;x) êîòîðîé â ñèëó ñèñòåìû (4.10) ÿâëÿåòñÿ çíàêîîòðè-
öàòåëüíîé íà G, òî íóëåâîå ðåøåíèå ñèñòåìû óñòîé÷èâî ïî Ëÿïóíîâó ïðè
t! +1.
Òåîðåìà Ëÿïóíîâà îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè. Åñëè äëÿ ñèñòå-
ìû óðàâíåíèé (4:10) ñóùåñòâóåò ïîëîæèòåëüíî îïðåäåëåííàÿ â îáëàñòè
D ôóíêöèÿ V (t;x), ïðîèçâîäíàÿ _V (t;x) êîòîðîé â ñèëó ñèñòåìû (4.10) ÿâ-
ëÿåòñÿ îòðèöàòåëüíî îïðåäåëåííîé íà G, òî íóëåâîå ðåøåíèå ñèñòåìû
àñèìïòîòè÷åñêè óñòîé÷èâî ïî Ëÿïóíîâó ïðè t! +1.
Ôóíêöèÿ V â ýòîì ñëó÷àå íàçûâàåòñÿ ôóíêöèåé Ëÿïóíîâà. Îáùåãî ìåòîäà
ïîñòðîåíèÿ ôóíêöèè Ëÿïóíîâà íå ñóùåñòâóåò. Ïðè n = 2 èíîãäà óäàåòñÿ
ïîñòðîèòü åå â âèäå ñóììû îäíî÷ëåíîâ âèäà ax2ky2` , a > 0.
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Òåîðåìà ×åòàåâà î íåóñòîé÷èâîñòè. Ïóñòü ñèñòåìà óðàâíåíèé (4:10) îá-
ëàäàåò íóëåâûì ðåøåíèåì. Ïóñòü ñóùåñòâóþò îáëàñòü U ïðîñòðàíñòâà
ïåðåìåííûõ (x1; : : : ; xn) è ôóíêöèÿ V (t;x), îïðåäåëåííàÿ ïðè x 2 U , t > t0 ,
òàêèå, ÷òî:
1) òî÷êà x = 0 ïðèíàäëåæèò ãðàíèöå îáëàñòè U ;
2) ôóíêöèÿ V (t;x) ðàâíà íóëþ íà ãðàíèöå îáëàñòè U ïðè jjxjj < ";
3) âíóòðè îáëàñòè U ïðè t > t0 ôóíêöèÿ V ïîëîæèòåëüíà, à åå ïðîèç-
âîäíàÿ _V (t;x) â ñèëó ñèñòåìû (4.10) ïîëîæèòåëüíî îïðåäåëåííàÿ.
Òîãäà íóëåâîå ðåøåíèå ñèñòåìû íåóñòîé÷èâî.
Ïðèìåð 5. Èññëåäîâàòü íà óñòîé÷èâîñòü íóëåâîå ðåøåíèå ñèñòåìû
_x = y3   2x3   x2y3;
_y =  x+ x3   y5: (4.11)
Ðåøåíèå. Ïîïûòàåìñÿ ïðèìåíèòü òåîðåìó Ëÿïóíîâà îá óñòîé÷èâîñòè ïî
ïåðâîìó ïðèáëèæåíèþ. Ìàòðèöà A èç ï. 4.1 èìååò âèä

0 0
 1 0

, è åå ñîá-
ñòâåííûå çíà÷åíèÿ ðàâíû íóëþ, ïîýòîìó òåîðåìà îá óñòîé÷èâîñòè ïî ïåðâîìó
ïðèáëèæåíèþ îòâåòà íå äàåò.
Ïîñòðîèì ôóíêöèþ Ëÿïóíîâà V . Åå ïðîèçâîäíàÿ â ñèëó ñèñòåìû (4.11)
èìååò âèä
_V =
@V
@x
(y3   2x3   x2y3) + @V
@y
( x+ x3   y5):
Ïîïûòàåìñÿ óíè÷òîæèòü ñëàãàåìûå, âõîäÿùèå â ýòî âûðàæåíèå ñî çíàêîì
¾+¿. Åñëè V áóäåò ñîäåðæàòü ñëàãàåìîå âèäà ax2k , òî åå ïðîèçâîäíàÿ áóäåò
ñîäåðæàòü ñëàãàåìîå y3 (ax2k)0 = akx2k 1y3 . Åãî ìîæíî âçàèìíî óíè÷òîæèòü
òîëüêî ñî ñëàãàåìûì  @V@y x. Ýòîãî ìîæíî äîáèòüñÿ, åñëè 2k 1 = 1, îòêóäà
k = 1. Àíàëîãè÷íî, åñëè V áóäåò ñîäåðæàòü ñëàãàåìîå by2` , òî _V áóäåò
ñîäåðæàòü ñëàãàåìîå x3  (by2`)0 = 2b`x3y2` 1 . Îò íåãî ìîæíî èçáàâèòüñÿ çà
ñ÷åò ñëàãàåìîãî  @V@x  x2y3 , îòêóäà íåîáõîäèìî ` = 2. Èòàê, ïîñìîòðèì, ÷òî
áóäåò, åñëè ôóíêöèÿ V áóäåò ñîäåðæàòü ñëàãàåìûå ax2 + by4 . Â ýòîì ñëó÷àå
â âûðàæåíèè äëÿ _V áóäåò ïðèñóòñòâîâàòü 2ax(y3   2x3   x2y3) + 4by3( x+
x3 y5) = 2axy3 4ax4 2ax3y3 4bxy3+4bx3y3 4by8 . Ëåãêî âèäåòü, ÷òî ïðè
a = 2, b = 1, ôóíêöèÿ _V =  8x4   4y8 áóäåò îòðèöàòåëüíî îïðåäåëåííîé â
îêðåñòíîñòè íà÷àëà êîîðäèíàò.
Òàêèì îáðàçîì, ôóíêöèÿ V (t; x; y) = 2x2 + y4 óäîâëåòâîðÿåò óñëîâèÿì
òåîðåìû Ëÿïóíîâà îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè è íóëåâîå ðåøåíèå ñè-
ñòåìû (4.11) áóäåò àñèìïòîòè÷åñêè óñòîé÷èâûì.
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Ïðèìåð 6. Ïîêàçàòü, ÷òî íóëåâîå ðåøåíèå ñèñòåìû
_x =  x+ xy;
_y = 2y2 + x2
(4.12)
íåóñòîé÷èâî.
Ðåøåíèå. Ïîêàæåì, ÷òî ôóíêöèÿ V (x; y) = y   x2=2 óäîâëåòâîðÿåò óñëî-
âèÿì òåîðåìû ×åòàåâà. Äåéñòâèòåëüíî, ðàññìîòðèì îáëàñòü U = f(x; y) j y >
x2=2g. Òî÷êà (0; 0) ïðèíàäëåæèò åå ãðàíèöå, à ôóíêöèÿ V ðàâíà íóëþ íà
ýòîé ãðàíèöå è ïîëîæèòåëüíà âíóòðè îáëàñòè. Ïðîèçâîäíàÿ â ñèëó ñèñòåìû
_V =  x( x+xy)+2y2+x2 = 2y(y x2=2) ïîëîæèòåëüíî îïðåäåëåíà âíóòðè
îáëàñòè U , òàê êàê y > x2=2 > 0.
Çàäà÷è.
Ïîñòðîèâ ôóíêöèþ Ëÿïóíîâà è ïðèìåíÿÿ òåîðåìû Ëÿïóíîâà èëè òåîðåìó
×åòàåâà, èññëåäîâàòü íà óñòîé÷èâîñòü íóëåâîå ðåøåíèå ñëåäóþùèõ ñèñòåì:
1:

_x = x3   y;
_y = x+ y3:
2:

_x =  3y   2x3;
_y = 2x  3y3:
3:

_x =  xy4;
_y = x4y:
4:

_x = x5 + y3;
_y = x3   y5:
5:

_x = xy   x3 + y;
_y = x4   x2y   x3:
Îòâåòû.
1: íåóñòîé÷èâî (V = x2 + y2):
2: àñèìïòîòè÷åñêè óñòîé÷èâî (V = 2x2 + 3y2):
3: óñòîé÷èâî (V = x4 + y4):
4: íåóñòîé÷èâî (V = x4   y4):
5: óñòîé÷èâî (V = x4 + 2y2):
4.3. Óñëîâèÿ îòðèöàòåëüíîñòè âåùåñòâåííûõ ÷àñòåé êîðíåé ìíîãî÷ëåíà
Ëåâàÿ ÷àñòü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ det(A  E) = 0 äëÿ íàõîæäå-
íèÿ ñîáñòâåííûõ çíà÷åíèé ìàòðèöû A ïðåäñòàâëÿåò ñîáîé ìíîãî÷ëåí. Òàêèì
îáðàçîì, ÷òîáû íàéòè ñîáñòâåííûå çíà÷åíèÿ, ïðèõîäèòñÿ èñêàòü êîðíè ýòîãî
ìíîãî÷ëåíà, à ýòî çà÷àñòóþ ñäåëàòü íå î÷åíü ïðîñòî. Åñòåñòâåííûì îáðàçîì
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âîçíèêàåò âîïðîñ: íåëüçÿ ëè âûÿñíèòü, áóäóò ëè âåùåñòâåííûå ÷àñòè êîðíåé
çàäàííîãî ìíîãî÷ëåíà
a0
n + a1
n 1 + : : :+ an 1+ an (4.13)
îòðèöàòåëüíû (òàêèå ìíîãî÷ëåíû íàçûâàþò óñòîé÷èâûìè), íå âû÷èñëÿÿ ñà-
ìèõ êîðíåé? Îòâåò íà ýòîò âîïðîñ äàþò ñëåäóþùèå óñëîâèÿ.
Íåîáõîäèìîå óñëîâèå. Âñå êîýôôèöèåíòû ai äîëæíû áûòü ïîëîæèòåëü-
íû. Îòìåòèì, ÷òî â ñëó÷àå, êîãäà n 6 2, ýòî óñëîâèå îäíîâðåìåííî ÿâëÿåòñÿ è
äîñòàòî÷íûì. Äåéñòâèòåëüíî, åñëè n = 1, òî  =  a1=a0 < 0. Åñëè æå n = 2,
òî íåîáõîäèìî ðàññìîòðåòü äâà ñëó÷àÿ. 1) Äèñêðèìèíàíò D óðàâíåíèÿ îò-
ðèöàòåëåí. Òîãäà êîðíè èìåþò âèä 1;2 =
 a1  i
pjDj
2a0
, è èõ âåùåñòâåííûå
÷àñòè, ðàâíûå   a1
2a0
, îòðèöàòåëüíû. 2) Äèñêðèìèíàíò óðàâíåíèÿ íåîòðèöàòå-
ëåí. Òîãäà îíî èìååò äâà âåùåñòâåííûõ êîðíÿ, ñóììà êîòîðûõ îòðèöàòåëüíà
(îíà ðàâíà  a1
a0
), à ïðîèçâåäåíèå ïîëîæèòåëüíî (îíî ðàâíî
a2
a0
). Ïîýòîìó îáà
ýòè êîðíÿ îòðèöàòåëüíû.
Äîñòàòî÷íûå óñëîâèÿ Ðàóñà-Ãóðâèöà. Ñîñòàâèì èç êîýôôèöèåíòîâ óðàâ-
íåíèÿ (4.13) ìàòðèöó ðàçìåðà n n, íàçûâàåìóþ ìàòðèöåé Ãóðâèöà:
G =
0BBBBBBB@
a1 a0 0 0 0 0 : : : 0
a3 a2 a1 a0 0 0 : : : 0
a5 a4 a3 a2 a1 a0 : : : 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 : : : 0 an an 1 an 2
0 0 0 0 0 : : : 0 an
1CCCCCCCA
:
Ñòðîèòñÿ îíà ñëåäóþùèì îáðàçîì: ïî ãëàâíîé äèàãîíàëè çàïèñûâàþòñÿ ÷èñ-
ëà a1 , a2 , . . . , an . Ïîñëå ýòîãî â êàæäîé ñòðîêå ÷èñëà ai ðàññòàâëÿþòñÿ âïðàâî
ïî óáûâàíèþ èíäåêñîâ, à âëåâî ïî âîçðàñòàíèþ, ïîêà íå çàêîí÷àòñÿ èíäåêñû,
ëèáî íå çàêîí÷èòñÿ ñòðîêà. Îñòàâøèåñÿ ñâîáîäíûìè ìåñòà çàïîëíÿþòñÿ íó-
ëÿìè. Ïîñëå ýòîãî íåîáõîäèìî âû÷èñëèòü âñå ãëàâíûå äèàãîíàëüíûå ìèíîðû
1 = a1; 2 =
 a1 a0a3 a2
 ; 3 =

a1 a0 0
a3 a2 a1
a5 a4 a3
 ; : : :
Óñëîâèÿ Ðàóñà-Ãóðâèöà ñîñòîÿò â òîì, ÷òî âñå ýòè ìèíîðû äîëæíû áûòü
ïîëîæèòåëüíû.
Äîñòàòî÷íûå óñëîâèÿ Ëüåíàðà-Øèïàðà. Ýòè óñëîâèÿ ðàâíîñèëüíû óñëî-
âèÿì Ðàóñà-Ãóðâèöà è ñîñòîÿò â òîì, ÷òî äîñòàòî÷íî òîãî, ÷òîáû áûëè
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ïîëîæèòåëüíû ìèíîðû n 1 , n 3 , n 5 , è ò.ä. Ýòè óñëîâèÿ óäîáíåå äëÿ
ïðàêòè÷åñêîãî ïðèìåíåíèÿ, òàê êàê ñîäåðæàò ôàêòè÷åñêè âäâîå ìåíüøå îïðå-
äåëèòåëåé.
Ïðèìåð 7. Áóäåò ëè íóëåâîå ðåøåíèå ñèñòåìû óðàâíåíèé
_x1 =  3x1   2x3   x5;
_x2 =  x1   3x2   x3   x4;
_x3 =  2x1   2x2   x3   x5;
_x4 =  x1   3x2   x3   2x4;
_x5 =  3x1   2x2 + x3   x4   x5
(4.14)
óñòîé÷èâî?
Ðåøåíèå. Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ñèñòåìû íàõîäÿòñÿ èç óðàâíå-
íèÿ
 3   0  2 0  1
 1  3    1  1 0
 2  2  1   0  1
 1  3  1  2   0
 3  2 1  1  1  

= 5+104+273+232+24+15 = 0:
Âñå êîýôôèöèåíòû ïîñëåäíåãî óðàâíåíèÿ ïîëîæèòåëüíû, òàê ÷òî íåîáõîäè-
ìîå óñëîâèå âûïîëíåíî. Âìåñòî òîãî, ÷òîáû ðåøàòü ýòî óðàâíåíèå, çàïèøåì
ìàòðèöó Ãóðâèöà è óñëîâèÿ Ëüåíàðà-Øèïàðà:
G =
0BBBBB@
10 1 0 0 0
23 27 10 1 0
15 24 23 27 10
0 0 15 24 23
0 0 0 0 15
1CCCCCA ; 4 =

10 1 0 0
23 27 10 1
15 24 23 27
0 0 15 24
 ; 2 =
 10 123 27
 :
Âû÷èñëÿÿ îïðåäåëèòåëè, ïîëó÷àåì 4 =  14316, 2 = 247. Ïîñêîëüêó 4
îòðèöàòåëåí, íóëåâîå ðåøåíèå ñèñòåìû (4.14) íåóñòîé÷èâî.
Ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ äàåò
x1   6:093; x2   3:174; x3   0:822; x4;5  0:045 0:97i:
Äâà ïîñëåäíèõ êîðíÿ èìåþò ïîëîæèòåëüíûå âåùåñòâåííûå ÷àñòè.
Çàäà÷è.
Èññëåäîâàòü óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ óðàâíåíèé:
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1: y000 + y00 + y0 + 2y = 0:
2: y000 + 2y00 + 2y0 + 3y = 0:
3: yIV + 2y000 + 4y00 + 3y0 + 2y = 0:
4: yIV + 2y000 + 3y00 + 7y0 + 2y = 0:
5: yV + 2yIV + 4y000 + 6y00 + 5y0 + 4y = 0:
Îòâåòû.
1: íåóñòîé÷èâî.
2: óñòîé÷èâî.
3: óñòîé÷èâî.
4: íåóñòîé÷èâî.
5: íåóñòîé÷èâî.
5. Îñîáûå òî÷êè
Îñîáîé òî÷êîé ñèñòåìû óðàâíåíèé
dx
dt
= P (x; y);
dy
dt
= Q(x; y) (5.1)
èëè óðàâíåíèÿ
dy
dx
=
Q(x; y)
P (x; y)
; (5.2)
ãäå P (x; y) è Q(x; y) íåïðåðûâíî äèôôåðåíöèðóåìû, íàçûâàåòñÿ òî÷êà, â
êîòîðîé ýòè ôóíêöèè îäíîâðåìåííî îáðàùàþòñÿ â íóëü. Îñîáàÿ òî÷êà ñèñòå-
ìû (5.1) íàçûâàåòñÿ òàêæå ïîëîæåíèåì ðàâíîâåñèÿ ýòîé ñèñòåìû.
×òîáû èññëåäîâàòü ïîâåäåíèå òðàåêòîðèé ñèñòåìû (5.1) èëè èíòåãðàëüíûõ
êðèâûõ óðàâíåíèÿ (5.2) âáëèçè îñîáîé òî÷êè (x0; y0), îñóùåñòâëÿþò çàìåíó
ïåðåìåííûõ
x = x1 + x0; y = y1 + y0 (5.3)
è ïîëó÷åííûå â ðåçóëüòàòå òàêîé çàìåíû ñèñòåìó èëè óðàâíåíèå èññëåäóþò
âáëèçè îñîáîé òî÷êè x1 = 0, y1 = 0: Ïîýòîìó â äàëüíåéøåì ìû áóäåì ïðåä-
ïîëàãàòü, ÷òî òàêàÿ çàìåíà óæå ñäåëàíà è èññëåäîâàòü îñîáóþ òî÷êó (0; 0).
Ðàññìîòðèì ñíà÷àëà ëèíåéíóþ îäíîðîäíóþ ñèñòåìó ñ ïîñòîÿííûìè êîýô-
ôèöèåíòàìè
dx
dt
= ax+ by;
dy
dt
= cx+ dy: (5.4)
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Ñîîòâåòñòâóþùåå ýòîé ñèñòåìå óðàâíåíèå (5.2) èìååò âèä
dy
dx
=
cx+ dy
ax+ by
: (5.5)
Ïóñòü 1 , 2  ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A ñèñòåìû (5.4), ò.å., êîðíè
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ a   bc d  
 = 0:
Îãðàíè÷èìñÿ ñëó÷àåì 1 6= 0, 2 6= 0 èëè detA 6= 0:
Åñëè ÷èñëà 1 , 2  ðàçëè÷íûå è îäíîãî çíàêà, òî îñîáàÿ òî÷êà (0; 0)
íàçûâàåòñÿ óçëîì (óñòîé÷èâûì ïðè 1 < 0, 2 < 0 è íåóñòîé÷èâûì ïðè
1 > 0, 2 > 0). ×òîáû âûÿñíèòü ïîâåäåíèå òðàåêòîðèé ñèñòåìû (5.4) (èí-
òåãðàëüíûõ êðèâûõ óðàâíåíèÿ (5.5)), íóæíî çàíóìåðîâàòü ñîáñòâåííûå çíà-
÷åíèÿ òàê, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî j1j < j2j è íàéòè ñîáñòâåííûå
âåêòîðû h1 , h2 ìàòðèöû A, ñîîòâåòñòâóþùèå ñîáñòâåííûì çíà÷åíèÿì 1 è
2 ñîîòâåòñòâåííî:
Ahi = 1hi; i = 1; 2:
Ýòè âåêòîðû îáðàçóþò, âîîáùå ãîâîðÿ, ëèøü àôôèííûé áàçèñ è îïðåäåëÿþò
íîâóþ ñèñòåìó êîîðäèíàò x1 , y1 â íàïðàâëåíèè âåêòîðîâ h1 è h2 ñîîòâåò-
ñòâåííî. Òðàåêòîðèÿìè ñèñòåìû â ñëó÷àå óñòîé÷èâîãî óçëà áóäóò ïîëîæåíèå
ðàâíîâåñèÿ x1 = 0, y1 = 0, ïîëóîñè îñåé x1 è y1 (íàïðàâëåíèå äâèæåíèÿ
òî÷êè ïî ïîëóîñÿì ñ ðîñòîì ïàðàìåòðà t ê îñîáîé òî÷êå (0; 0)). Îñòàëüíûå
òðàåêòîðèè ñ ðîñòîì t âõîäÿò â íà÷àëî êîîðäèíàò êàñàÿñü îñè x1 è íåîãðàíè-
÷åííî óäàëÿþòñÿ îò íåãî, îñòàâàÿñü â òîì æå êâàäðàíòå ñèñòåìû êîîðäèíàò
x1 , y1 ïðè óáûâàíèè ïàðàìåòðà t. Äëÿ íåóñòîé÷èâîãî óçëà òðàåêòîðèè òå æå,
íî íàïðàâëåíèå äâèæåíèÿ ïî òðàåêòîðèÿì ñ ðîñòîì ïàðàìåòðà t ìåíÿåòñÿ íà
îáðàòíîå.
Åñëè ÷èñëà 1 , 2 èìåþò ðàçíûå çíàêè, òî îñîáàÿ òî÷êà (0; 0) íàçûâàåòñÿ
ñåäëîì. Ïîëàãàÿ 1 < 0 < 2 è îïðåäåëÿÿ ñîáñòâåííûå âåêòîðû h1 , h2 ìàò-
ðèöû A ñ ñîáñòâåííûìè çíà÷åíèÿìè 1 , 2 , ñîîòâåòñòâåííî, ïîëó÷èì, ÷òî
òðàåêòîðèÿìè ñèñòåìû (5.4) áóäóò ïîëîæåíèå ðàâíîâåñèÿ x1 = 0, y1 = 0,
ïîëóîñè îñåé x1 è y1 â íàïðàâëåíèè âåêòîðîâ h1 è h2 ñîîòâåòñòâåííî (íà-
ïðàâëåíèå äâèæåíèÿ òî÷êè ïî ïîëóîñÿì îñè x1 ñ ðîñòîì ïàðàìåòðà t ê îñîáîé
òî÷êå (0; 0), à ïî ïîëóîñÿì îñè y1  îò íåå). Îñòàëüíûå òðàåêòîðèè ñ ðîñòîì
ïàðàìåòðà t íåîãðàíè÷åííî ïðèáëèæàþòñÿ èç ñîîòâåòñòâóþùèõ êâàäðàíòîâ
ê îñè y1 , à ñ óáûâàíèåì t  ê îñè x1 .
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Ïóñòü ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A êîìïëåêñíûå (íà ñàìîì äåëå,
êîìïëåêñíî-ñîïðÿæåííûå, ò.ê. A  âåùåñòâåííàÿ ìàòðèöà):
1 = + i; 2 =   i ( > 0):
Òîãäà ñîáñòâåííûå âåêòîðû ìàòðèöû A òàêæå áóäóò êîìïëåêñíî-ñîïðÿæåí-
íûìè: H = h1+ih2 , H = h1 ih2 . Âåùåñòâåííûå âåêòîðû h1 è h2 îáðàçóþò
áàçèñ, ÷òî âûòåêàåò èç ëèíåéíîé íåçàâèñèìîñòè âåêòîðîâ H è H êàê ñîîò-
âåòñòâóþùèõ ðàçëè÷íûì ñîáñòâåííûì çíà÷åíèÿì. Âñå âåùåñòâåííûå ðåøåíèÿ
ñèñòåìû (5.4) äàþòñÿ ôîðìóëîé
x = ret cos(t+ )h1 + re
t sin(t+ )h2; (5.6)
ãäå r > 0 è   âåùåñòâåííûå ïîñòîÿííûå.
Åñëè  6= 0, òî îñîáàÿ òî÷êà (0; 0) íàçûâàåòñÿ ôîêóñîì (óñòîé÷èâûì ïðè
 < 0 è íåóñòîé÷èâûì ïðè  > 0). Òðàåêòîðèÿìè ñèñòåìû áóäóò ñïèðàëè,
çàêðó÷èâàþùèåñÿ âîêðóã íà÷àëà êîîðäèíàò, à òàêæå ïîëîæåíèå ðàâíîâåñèÿ
x = 0, y = 0. ×òîáû âûÿñíèòü íàïðàâëåíèå çàêðó÷èâàíèÿ ñïèðàëåé, íóæíî
íàéòè âåêòîð ñêîðîñòè v = ( _x; _y) â ëþáîé òî÷êå ïëîñêîñòè (x0; y0):
v = ( _x; _y) = (ax0 + by0; cx0 + dy0): (5.7)
Ýòîò âåêòîð â ñëó÷àå óñòîé÷èâîãî ôîêóñà îïðåäåëÿåò íàïðàâëåíèå çàêðó÷è-
âàíèÿ ñïèðàëåé, à â ñëó÷àå íåóñòîé÷èâîãî ôîêóñà  íàïðàâëåíèå èõ ðàñêðó-
÷èâàíèÿ.
Åñëè  = 0, òî îñîáàÿ òî÷êà (0; 0) íàçûâàåòñÿ öåíòðîì. Òðàåêòîðèÿìè
â àôôèííîé ñèñòåìå êîîðäèíàò x1 , y1 â íàïðàâëåíèè âåêòîðîâ h1 è h2 ñî-
îòâåòñòâåííî ïðè r > 0 ÿâëÿþòñÿ ýëëèïñû ñ öåíòðîì â íà÷àëå êîîðäèíàò
(ñì. (5.6) ïðè  = 0), îòñåêàþùèå íà ïîëóîñÿõ îñåé x1 , y1 îòðåçêè rjh1j è
rjh2j ñîîòâåòñòâåííî, à ïðè r = 0  ïîëîæåíèå ðàâíîâåñèÿ x1 = 0, y1 = 0.
Íàïðàâëåíèå îáõîäà ýëëèïñîâ ñ ðîñòîì ïàðàìåòðà t îïðåäåëÿåòñÿ íàïðàâëå-
íèåì âåêòîðà ñêîðîñòè (5.7).
Ïóñòü ìàòðèöà A èìååò åäèíñòâåííîå ñîáñòâåííîå çíà÷åíèå (1 = 2 6= 0).
Â ýòîì ñëó÷àå îñîáàÿ òî÷êà (0; 0) ìîæåò áûòü ëèáî äèêðèòè÷åñêèì óçëîì,
ëèáî âûðîæäåííûì óçëîì. Â ñëó÷àå äèêðèòè÷åñêîãî óçëà ñèñòåìà (5.4) èìååò
âèä
_x = ax; _y = ay:
Òðàåêòîðèÿìè áóäóò ëó÷è, èñõîäÿùèå èç íà÷àëà êîîðäèíàò è ïîëîæåíèå ðàâ-
íîâåñèÿ x = 0, y = 0. Íàïðàâëåíèå äâèæåíèÿ ïî òðàåêòîðèÿì ñ ðîñòîì
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ïàðàìåòðà t â ñëó÷àå óñòîé÷èâîãî äèêðèòè÷åñêîãî óçëà (1 < 0) ê îñîáîé
òî÷êå, à â ñëó÷àå íåóñòîé÷èâîãî äèêðèòè÷åñêîãî óçëà (1 > 0)  îò íåå.
Åñëè îñîáàÿ òî÷êà  âûðîæäåííûé óçåë, òî ìàòðèöà A èìååò âåùåñòâåí-
íûé ñîáñòâåííûé âåêòîð h1 ñ ñîáñòâåííûì çíà÷åíèåì 1 . Äîïîëíÿÿ ýòîò âåê-
òîð ïðîèçâîëüíûì âåêòîðîì h2 äî áàçèñà, ïðèäåì ê ðàçëîæåíèþ
Ah2 = h1 + 1h2; (5.8)
èç êîòîðîãî çíà÷åíèå  îïðåäåëÿåòñÿ îäíîçíà÷íî. Íîâûé áàçèñ H1 = h1 ,
H2 = h2 îïðåäåëèò ñèñòåìó êîîðäèíàò x1 , y1 â íàïðàâëåíèè ýòèõ âåêòîðîâ
è ñîîòâåòñòâóþùèå êâàäðàíòû àôôèííîé ñèñòåìû êîîðäèíàò. Òðàåêòîðèÿìè
ñèñòåìû (5.4) â ñëó÷àå óñòîé÷èâîãî âûðîæäåííîãî óçëà (1 < 0) áóäóò ïîëî-
æåíèå ðàâíîâåñèÿ x1 = 0, y1 = 0 è ïîëóîñè îñè x1 (íàïðàâëåíèå äâèæåíèÿ ñ
ðîñòîì ïàðàìåòðà t ê îñîáîé òî÷êå). Îñòàëüíûå òðàåêòîðèè ñ ðîñòîì t áóäóò
âõîäèòü â íà÷àëî êîîðäèíàò, êàñàÿñü îñè x1 èç ïåðâîãî è òðåòüåãî êâàäðàíòîâ
íîâîé ñèñòåìû êîîðäèíàò è íåîãðàíè÷åííî óäàëÿòüñÿ îò íåãî ñ óáûâàíèåì t
ñîîòâåòñòâåííî âî âòîðîé è ÷åòâåðòûé êâàäðàíòû. Â ñëó÷àå íåóñòîé÷èâîãî
âûðîæäåííîãî óçëà (1 > 0) íàïðàâëåíèå äâèæåíèÿ ïî ïîëóîñÿì îñè x1 ìå-
íÿåòñÿ íà îáðàòíîå. Îñòàëüíûå òðàåêòîðèè ñ ðîñòîì ïàðàìåòðà t áóäóò âûõî-
äèòü èç íà÷àëà êîîðäèíàò, êàñàÿñü îñè x1 èç âòîðîãî è ÷åòâåðòîãî êâàäðàí-
òîâ, íåîãðàíè÷åííî óäàëÿÿñü ñîîòâåòñòâåííî â ïåðâûé è òðåòèé êâàäðàíòû
àôôèííîé ñèñòåìû êîîðäèíàò.
Ïðèìåð 1. Èññëåäîâàòü ïîâåäåíèå òðàåêòîðèé â îêðåñòíîñòè îñîáîé òî÷êè
ñèñòåìû óðàâíåíèé
_x =  11x+ 3y;
_y =  2x  4y:
Ðåøåíèå. Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû äàííîé ñèñòåìû åñòü 1 =  5,
2 =  10 (j1j < j2j). Îñîáàÿ òî÷êà (0; 0)  óñòîé÷èâûé óçåë. Ñîáñòâåííûé
âåêòîð h1 = (h
1
1; h
2
1) ñ ñîáñòâåííûì çíà÷åíèåì 1 =  5 íàõîäèòñÿ èç óñëîâèÿ  11 3
 2  4

h11
h21

=  5

h11
h21

:
Ðàíã ìàòðèöû ïîëó÷àþùåéñÿ îòñþäà ëèíåéíîé îäíîðîäíîé àëãåáðàè÷åñêîé
ñèñòåìû ðàâåí 1. Ïîýòîìó, ïðèðàâíÿâ, íàïðèìåð, ïåðâûå êîìïîíåíòû ýòèõ
âåêòîðîâ, íàéäåì 6h11 = 3h
2
1 . Òàê êàê âñå ñîáñòâåííûå âåêòîðû, îòâå÷àþ-
ùèå îäíîìó è òîìó æå ñîáñòâåííîìó çíà÷åíèþ, êîëëèíåàðíû, òî, ïîëîæèâ
h11 = 1; ïîëó÷èì h1 = (1; 2). Ñîáñòâåííûé âåêòîð h2 = (h
1
2; h
2
2) ñ ñîáñòâåí-
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íûì çíà÷åíèåì 2 =  10 íàõîäèòñÿ èç óñëîâèÿ  11 3
 2  4

h12
h22

=  10

h12
h22

:
Îòêóäà h12 = 3h
2
2 è h2 = (3; 1). Òðàåêòîðèè ñèñòåìû èçîáðàæåíû íà ðèñ. 2.
h2
h1
y1
x1
x
y
O
Ðèñ. 2.
Ïðèìåð 2. Èññëåäîâàòü ïîâåäåíèå èíòåãðàëüíûõ êðèâûõ óðàâíåíèÿ
dy
dx
=
 4x  3y
y + 2x
âáëèçè åãî îñîáîé òî÷êè.
Ðåøåíèå. Ñîîòâåòñòâóþùàÿ ýòîìó óðàâíåíèþ ñèñòåìà (5.4) èìååò âèä
_x = 2x+ y;
_y =  4x  3y:
Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ñèñòåìû 1 =  2, 2 = 1 (1 < 0 < 2).
Îñîáàÿ òî÷êà (0; 0)  ñåäëî. Ñîáñòâåííûå âåêòîðû, ñîîòâåòñòâóþùèå ñîá-
ñòâåííûì çíà÷åíèÿì 1 =  2 è 2 = 1 ñîîòâåòñòâåííî, ðàâíû h1 = (1; 4),
h2 = (1; 1). Ñì. ðèñ. 3.
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xy
h2
h1
x1
y1
O
Ðèñ. 3.
Ïðèìåð 3. Èññëåäîâàòü ïîâåäåíèå òðàåêòîðèé ñèñòåìû óðàâíåíèé
_x = x  y;
_y = x+ y
âáëèçè îñîáîé òî÷êè.
O x
y
v
Ðèñ. 4.
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Ðåøåíèå. Ñîáñòâåííûå çíà÷åíèÿ êîìïëåêñíî-ñîïðÿæåííûå: 1 = 1 + i,
2 = 1   i. Îñîáàÿ òî÷êà  íåóñòîé÷èâûé ôîêóñ. Âåêòîð ñêîðîñòè (5.7) â
òî÷êå (1; 0) ðàâåí âåêòîðó v = (1; 1). Ñïèðàëè ñ ðîñòîì ïàðàìåòðà t ðàñ-
êðó÷èâàþòñÿ ïðîòèâ ÷àñîâîé ñòðåëêè (çàêðó÷èâàþòñÿ ïî ÷àñîâîé ñòðåëêå ñ
óáûâàíèåì t). Îäíà èç òðàåêòîðèé ñèñòåìû ïîêàçàíà íà ðèñ. 4.
Ïðèìåð 4. Èññëåäîâàòü ïîâåäåíèå èíòåãðàëüíûõ êðèâûõ óðàâíåíèÿ
dy
dx
=
y   x
5y   x
âáëèçè îñîáîé òî÷êè.
v
h2
h1
O x
y
Ðèñ. 5.
Ðåøåíèå. Ñîîòâåòñòâóþùàÿ ñèñòåìà (5.4) èìååò âèä:
_x =  x+ 5y;
_y =  x+ y:
Ñîáñòâåííûå çíà÷åíèÿ 1 = 2 = 2i. Îñîáàÿ òî÷êà (0; 0)  öåíòð. Ñîá-
ñòâåííûé âåêòîð ìàòðèöû ñèñòåìû ñ ñîáñòâåííûì çíà÷åíèåì 1 = 2i åñòü
H = (5; 1 + 2i). Îòêóäà h1 = (5; 1), h2 = (0; 2). Ýëëèïñû îòñåêàþò íà ïîëó-
îñÿõ x1 , y1 â íàïðàâëåíèè âåêòîðîâ (5; 1) è (0; 2) îòðåçêè 2
p
6r è 2r , r > 0
ñîîòâåòñòâåííî. Âåêòîð ñêîðîñòè â òî÷êå ( 3; 1) ðàâåí âåêòîðó v = ( 2; 2)
(ýëëèïñû îáõîäÿòñÿ ïî ÷àñîâîé ñòðåëêå). Ñì. ðèñ. 5.
Ïðèìåð 5. Èññëåäîâàòü ïîâåäåíèå òðàåêòîðèé ñèñòåìû
_x = x;
_y = x+ y
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âáëèçè îñîáîé òî÷êè.
Ðåøåíèå.Ìàòðèöà ñèñòåìû èìååò åäèíñòâåííîå ñîáñòâåííîå çíà÷åíèå 1 =
2 = 1. Îñîáàÿ òî÷êà (0; 0)  íåóñòîé÷èâûé âûðîæäåííûé óçåë. Ñîáñòâåí-
íûé âåêòîð h1 = (h
1
1; h
2
1) íàõîäèòñÿ èç óñëîâèé h
1
1 = h
2
1 , h
1
1 + h
2
1 = h
2
1 .
Ìîæíî âçÿòü âåêòîð h1 = (0; 1). Äîïîëíèâ ýòîò âåêòîð âåêòîðîì h2 = (1; 0)
äî áàçèñà è çàïèñàâ ðàçëîæåíèå (5.8), ïîëó÷èì  = 1 è H1 = h1 = (0; 1),
H1 = h2 = (1; 0). Ïåðâûé è òðåòèé êâàäðàíòû íîâîé ñèñòåìû êîîðäèíàò
ñîâïàäàþò ñ äåêàðòîâûìè, à âòîðîé è ÷åòâåðòûé ìåíÿþòñÿ ìåñòàìè. Òðà-
åêòîðèÿìè áóäóò ïîëîæåíèå ðàâíîâåñèÿ x1 = 0, y1 = 0 è ïîëóîñè îñè x1
(îñü y äåêàðòîâîé ñèñòåìû êîîðäèíàò). Íàïðàâëåíèå äâèæåíèÿ ñ ðîñòîì ïà-
ðàìåòðà t  îò îñîáîé òî÷êè. Îñòàëüíûå òðàåêòîðèè ñ ðîñòîì t âûõîäÿò èç
âòîðîãî è ÷åòâåðòîãî êâàäðàíòîâ ñèñòåìû êîîðäèíàò x1 , y1 (ñîîòâåòñòâåííî
÷åòâåðòîãî è âòîðîãî êâàäðàíòîâ äåêàðòîâîé ñèñòåìû x, y) è íåîãðàíè÷åííî
óäàëÿþòñÿ â ïåðâûé è òðåòèé êâàäðàíòû ñèñòåìû êîîðäèíàò x1 , y1 . Òðàåê-
òîðèè ñèñòåìû ïîêàçàíû íà ðèñ. 6.
H1
H2O x (y1)
y (x1)
Ðèñ. 6.
Äëÿ èññëåäîâàíèÿ îñîáîé òî÷êè (0; 0) îáùåé ñèñòåìû (5.1) íóæíî ðàçëî-
æèòü ôóíêöèè P (x; y) è Q(x; y) â îêðåñòíîñòè ýòîé òî÷êè ïî ôîðìóëå Òåé-
ëîðà, îãðàíè÷èâàÿñü ÷ëåíàìè ïåðâîãî ïîðÿäêà. Òîãäà ñèñòåìà (5.1) ïðèìåò
âèä
dx
dt
= ax+ by + r1(x; y);
dy
dt
= cx+ dy + r2(x; y); (5.9)
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ãäå ri = o(
p
x2 + y2), i = 1; 2, ò. å., â îêðåñòíîñòè íà÷àëà êîîðäèíàò èìå-
þò ïîðÿäîê ìàëîñòè âûøå, ÷åì ëèíåéíàÿ ÷àñòü (ìû ïðåäïîëàãàåì, ÷òî P è
Q ïî êðàéíåé ìåðå äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìû â ýòîé îêðåñòíî-
ñòè). Òîãäà îñîáàÿ òî÷êà (0; 0) ñèñòåìû (5.9) áóäåò òîãî æå òèïà, ÷òî è îñîáàÿ
òî÷êà ñîîòâåòñòâóþùåé ñèñòåìû (5.4), åñëè äëÿ ïîñëåäíåé îíà ÿâëÿåòñÿ óç-
ëîì, ñåäëîì, ôîêóñîì, äèêðèòè÷åñêèì èëè âûðîæäåííûì óçëîì. Ïðè ýòîì
òðàåêòîðèÿì ñèñòåìû (5.4), ÿâëÿþùèìñÿ ïîëóîñÿìè îñè x1 è (èëè) y1 , ìîãóò
ñîîòâåòñòâîâàòü êðèâûå äëÿ ñèñòåìû (5.9), íî óãëîâûå êîýôôèöèåíòû íà-
ïðàâëåíèé, ïî êîòîðûì ýòè òðàåêòîðèè âõîäÿò â îñîáóþ òî÷êó, ñîõðàíÿþòñÿ,
à â ñëó÷àå ôîêóñà ñîõðàíÿþòñÿ íàïðàâëåíèÿ çàêðó÷èâàíèÿ òðàåêòîðèé.
Â òîì ñëó÷àå, êîãäà äëÿ ñèñòåìû (5.4) îñîáàÿ òî÷êà  öåíòð, äëÿ ñè-
ñòåìû (5.9) îíà ìîæåò áûòü öåíòðîì èëè ôîêóñîì. Äëÿ íàëè÷èÿ öåíòðà
äîñòàòî÷íî (íî íå íåîáõîäèìî), ÷òîáû òðàåêòîðèè ñèñòåìû (5.9) èìåëè îñü
ñèììåòðèè, ïðîõîäÿùóþ ÷åðåç èññëåäóåìóþ òî÷êó. Íàëè÷èå îñè ñèììåòðèè
y = kx îçíà÷àåò, ÷òî óðàâíåíèå (5.2) íå ìåíÿåòñÿ ïðè çàìåíå x è y íà
[(1  k2)x+ 2ky]=(1 + k2) è [2kx  (1  k2)y]=(1 + k2), ñîîòâåòñòâåííî. Â îá-
ùåì ñëó÷àå îòûñêàíèå îñè ñèììåòðèè ñâîäèòñÿ ê íàõîæäåíèþ îáùåãî êîðíÿ
àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî k äîñòàòî÷íî âûñîêîé ñòåïåíè. Ïî-
ýòîìó ðåêîìåíäóåòñÿ ïðîâåðÿòü íàëè÷èå îñè ñèììåòðèè ëèøü äëÿ íåêîòîðûõ
çíà÷åíèé k . Òàê, ïðè k = 0 (îñü ñèììåòðèè  îñü x) óðàâíåíèå (5.2) íå äîëæ-
íî ìåíÿòüñÿ ïðè çàìåíå y íà  y ; ïðè k =1 (îñü ñèììåòðèè  îñü y)  ïðè
çàìåíå x íà  x; ïðè k = 1 óðàâíåíèå íå äîëæíî ìåíÿòüñÿ ïðè çàìåíå x íà
y è y íà x, à ïðè k =  1  ïðè çàìåíå x íà  y è y íà  x. Äëÿ íàëè÷èÿ
ôîêóñà íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû íóëåâîå ðåøåíèå ñèñòåìû (5.9) áûëî
àñèìïòîòè÷åñêè óñòîé÷èâûì ïðè t ! +1 èëè ïðè t !  1. Èññëåäîâàíèå
íà óñòîé÷èâîñòü ìîæíî ïðîâåñòè ñ ïîìîùüþ ôóíêöèè Ëÿïóíîâà (ñì. ï. 4.2).
Ïðèìåð 6.
_x = x+ 2y + xy;
_y =  2x  y   xy:
Ðåøåíèå. Ïðèðàâíèâàÿ ïðàâûå ÷àñòè ñèñòåìû íóëþ, íàéäåì äâà ïîëî-
æåíèÿ ðàâíîâåñèÿ ñèñòåìû: x = 0, y = 0 è x =  3, y =  3. Ôóíêöèè
ri(x; y) = xy , i = 1; 2, èìåþò ïîðÿäîê ìàëîñòè â îêðåñòíîñòè òî÷êè (0; 0)
âûøå, ÷åì ó ëèíåéíîé ÷àñòè. Äëÿ ñîîòâåòñòâóþùåé ñèñòåìû (5.4):
_x = x+ 2y;
_y =  2x  y
îñîáàÿ òî÷êà (0; 0)  öåíòð (1;2 = i
p
3). Íåòðóäíî ïðîâåðèòü, ÷òî ñîîòâåò-
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ñòâóþùåå óðàâíåíèå (5.2):
dy
dx
=  2x+ y + xy
x+ 2y + xy
íå ìåíÿåòñÿ ïðè çàìåíå x íà y è y íà x. Çíà÷èò, òðàåêòîðèè èñõîäíîé ñèñòåìû
èìåþò îñü ñèììåòðèè y = x è îñîáàÿ òî÷êà (0; 0) äëÿ íåå áóäåò öåíòðîì.
×òîáû èññëåäîâàòü îñîáóþ òî÷êó ( 3; 3), ïåðåíåñåì íà÷àëî êîîðäèíàò â
íåå, ñäåëàâ çàìåíó ïåðåìåííûõ (5.3): x = x1 3, y = y1 3. Òîãäà ìû ïðèäåì
ê ñèñòåìå
_x1 =  2x1   y1 + x1y1;
_y1 = x1 + 2y1   x1y1;
äëÿ êîòîðîé ri = o(
p
x21 + y
2
1), i = 1; 2, ïðè (x1; y1) ! (0; 0). Îñîáàÿ òî÷êà
x1 = 0, y1 = 0 äëÿ ñîîòâåòñòâóþùåé ëèíåéíîé ñèñòåìû
_x1 =  2x1   y1;
_y1 = x1 + 2y1
ÿâëÿåòñÿ ñåäëîì (1;2 = 
p
3). Ïîýòîìó îñîáàÿ òî÷êà ( 3; 3) äëÿ èñõîäíîé
ñèñòåìû òàêæå áóäåò ñåäëîì.
Ðèñ. 7.
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Ïðèìåðíûé âèä òðàåêòîðèé ýòîé ñèñòåìû, ïîñòðîåííûé â îäíîì èç ïàêå-
òîâ ñèìâîëüíûõ âû÷èñëåíèé, ïîêàçàí íà ðèñ. 7.
Çàäà÷è.
Èçîáðàçèòü ñõåìàòè÷íî âáëèçè íóëåâîãî ïîëîæåíèÿ ðàâíîâåñèÿ ïîâåäåíèå
òðàåêòîðèé ñëåäóþùèõ ñèñòåì:
1:

_x = 3x;
_y = 2x+ y:
2:

_x = 2x  y;
_y = x:
3:

_x = x+ 3y;
_y =  6x  5y: 4:

_x = x;
_y = 2x  y:
5:

_x =  2x  5y;
_y = 2x+ 2y:
Îòâåòû.
1: íåóñòîé÷èâûé óçåë:
2: íåóñòîé÷èâûé âûðîæäåííûé óçåë:
3: óñòîé÷èâûé ôîêóñ:
4: ñåäëî:
5: öåíòð:
6. Íåëèíåéíûå ñèñòåìû
Îïðåäåëåíèå. Íîðìàëüíîé ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé íàçûâàåòñÿ ñèñòåìà óðàâíåíèé, ðàçðåøåííûõ îòíîñèòåëüíî ïðî-
èçâîäíûõ, âèäà 8>>>><>>>>:
dx1
dt
= f1(t; x1; : : : ; xn);
: : :
dxn
dt
= fn(t; x1; : : : ; xn);
(6.1)
ãäå xi(t), i = 1; : : : ; n,  íåèçâåñòíûå ôóíêöèè, fi(t; x1; : : : ; xn), i = 1; : : : ; n,
 çàäàííûå ôóíêöèè îò t, x1 , . . . , xn , íåïðåðûâíûå â íåêîòîðîé îáëàñòè.
×èñëî n íàçûâàåòñÿ ïîðÿäêîì ñèñòåìû. Ñîâîêóïíîñòü ôóíêöèé x1 = x1(t),
. . . , xn = xn(t), îïðåäåëåííûõ è íåïðåðûâíî äèôôåðåíöèðóåìûõ â íåêîòî-
ðîì èíòåðâàëå (a; b), íàçûâàåòñÿ ðåøåíèåì ñèñòåìû (6.1) â èíòåðâàëå (a; b),
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åñëè ýòè ôóíêöèè îáðàùàþò âñå óðàâíåíèÿ ñèñòåìû â òîæäåñòâà ïðè ëþáîì
t 2 (a; b). Çàäà÷à íàõîæäåíèÿ ðåøåíèÿ x1 = x1(t), . . . , xn = xn(t), óäîâëå-
òâîðÿþùåãî íà÷àëüíûì óñëîâèÿì
x1(t0) = x
(0)
1 ; : : : ; xn(t0) = x
(0)
n ;
ãäå t0 2 (a; b), x(0)i 2 R, i = 1; : : : ; n,  çàäàííûå ÷èñëà, íàçûâàåòñÿ çàäà÷åé
Êîøè. Äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è Êîøè äîñòàòî÷íî, ÷òîáû ôóíêöèè
fi , i = 1; : : : ; n, áûëè íåïðåðûâíû â îêðåñòíîñòè òî÷êè (t0; x
(0)
1 ; : : : ; x
(0)
n ).
Íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ  (t; x1; : : : ; xn) (îòëè÷íàÿ îò
ïîñòîÿííîé) íàçûâàåòñÿ ïåðâûì èíòåãðàëîì ñèñòåìû (6.1), åñëè îíà òîæ-
äåñòâåííî îáðàùàåòñÿ â ïîñòîÿííóþ âäîëü ëþáîãî ðåøåíèÿ ýòîé ñèñòåìû
( (t; x1; : : : ; xn) = C ). Ýòî îçíà÷àåò, ÷òî äèôôåðåíöèàë d , ñîñòàâëåííûé
â ñèëó ñèñòåìû îáðàùàåòñÿ â íóëü ïðè âñåõ t 2 (a; b):
d =
@ 
@t
dt+
@ 
@x1
f1 dx1 + : : :+
@ 
@xn
fn dxn  0:
Íîðìàëüíàÿ ñèñòåìà èç n óðàâíåíèé íå ìîæåò èìåòü áîëüøå n ôóíêöèîíàëü-
íî íåçàâèñèìûõ ïåðâûõ èíòåãðàëîâ. Òàêèì îáðàçîì, åñëè  1 , . . . ,  n  ôóíê-
öèîíàëüíî íåçàâèñèìûå ïåðâûå èíòåãðàëû (ÿêîáèàí
D( 1; : : : ;  n)
D(x1; : : : ; xn)
6= 0), òî
âñÿêèé äðóãîé ïåðâûé èíòåãðàë áóäåò ôóíêöèåé îò  1 , . . . ,  n .
Ñîâîêóïíîñòü n íåçàâèñèìûõ ïåðâûõ èíòåãðàëîâ ñèñòåìû íàçûâàåòñÿ îá-
ùèì èíòåãðàëîì. Çàäà÷à èíòåãðèðîâàíèÿ ñèñòåìû ñ÷èòàåòñÿ ðåøåííîé, åñëè
íàéäåíî åå îáùåå ðåøåíèå, ëèáî îáùèé èíòåãðàë.
6.1. Ìåòîä èñêëþ÷åíèÿ
Îäèí èç ìåòîäîâ ðåøåíèÿ òàêèõ ñèñòåì çàêëþ÷àåòñÿ â òîì, ÷òîáû ïîäñòà-
íîâêîé è èñêëþ÷åíèåì íåèçâåñòíûõ ñâåñòè ñèñòåìó ê îäíîìó èëè íåñêîëüêèì
óðàâíåíèÿì, ñîäåðæàùèì òîëüêî îäíó íåèçâåñòíóþ ôóíêöèþ.
Ïðèìåð 1. Ðåøèòü ñèñòåìó óðàâíåíèé8>><>>:
dy
dx
= z;
dz
dx
=
z2
y
:
(6.2)
Ðåøåíèå. Çàìåòèì, ÷òî óðàâíåíèÿ ñèñòåìû íå ñîäåðæàò ÿâíî ïåðåìåí-
íîé x. Ýòî íàâîäèò íà ìûñëü ïîäåëèòü èõ äðóã íà äðóãà è ïåðåéòè ê óðàâ-
íåíèþ, ñîäåðæàùåìó òîëüêî y è z . Ýòî óðàâíåíèå áóäåò èìåòü âèä
dy
dz
=
y
z
.
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Åãî ðåøåíèå èìååò âèä z = C1y . Ïîäñòàâèâ åãî â ïåðâîå óðàâíåíèå ñèñòåìû,
ïîëó÷èì y0 = C1y , îòêóäà y = C2eC1x . Òîãäà z = y0 = C1C2eC1x .
Ïðèìåð 2. Ðåøèòü ñèñòåìó óðàâíåíèé8><>:
dy
dx
= y + z;
dz
dx
=

  2
x2
+
2
x
  1

y +

 2
x
  1

z:
(6.3)
Ðåøåíèå. Âûðàçèì èç ïåðâîãî óðàâíåíèÿ z = y0   y è ïîäñòàâèì âî
âòîðîå óðàâíåíèå. Ïîñëå ïðèâåäåíèÿ ïîäîáíûõ ñëàãàåìûõ ïîëó÷èì óðàâíå-
íèå y00   2
x
y0 +
2
x2
y = 0 èëè x2y00   2xy0 + 2y = 0. Ýòî  ëèíåéíîå óðàâ-
íåíèå ñ ïåðåìåííûìè êîýôôèöèåíòàìè (ñì. ×àñòü 1, ïðèìåð 1 èç ï. 9.1).
Åãî ðåøåíèå èùåì â âèäå ìíîãî÷ëåíà y = xn + : : :. Äëÿ ïîêàçàòåëÿ ñòå-
ïåíè n ïîëó÷àåì óðàâíåíèå n2   3n + 2 = 0, îòêóäà n = 1 èëè n = 2.
Ýòèì çíà÷åíèÿì n ñîîòâåòñòâóþò äâà ðåøåíèÿ y1 = x è y2 = x
2 , ñëåäî-
âàòåëüíî, îáùåå ðåøåíèå èìååò âèä y = C1x + C2x
2 . Ïîñëå ýòîãî íàõîäèì
z = y0   y =  C2x2 + (2C2   C1)x+ C1 .
6.2. Ñèñòåìû óðàâíåíèé â ñèììåòðè÷åñêîé ôîðìå
Ñèñòåìà âèäà
dx1
F1(x1; : : : ; xn)
=
dx2
F2(x1; : : : ; xn)
= : : : =
dxn
Fn(x1; : : : ; xn)
(6.4)
íàçûâàåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé â ñèììåòðè÷åñêîé ôîð-
ìå. Åñëè â íåêîòîðîé òî÷êå (x
(0)
1 ; : : : ; x
(0)
n ) õîòÿ áû îäèí èç çíàìåíàòåëåé (ñêà-
æåì, Fn) îòëè÷åí îò íóëÿ, òî â îêðåñòíîñòè ýòîé òî÷êè ñèñòåìó (6.4) ìîæíî
çàïèñàòü â âèäå íîðìàëüíîé ñèñòåìîé èç n  1 óðàâíåíèÿ
dx1
dxn
=
F1
Fn
;
dx2
dxn
=
F2
Fn
; : : : ;
dxn 1
dxn
=
Fn 1
Fn
:
Òàêèì îáðàçîì, ñèñòåìà (6.4) â íåêîòîðîé îêðåñòíîñòè âûáðàííîé òî÷êè èìå-
åò n  1 íåçàâèñèìûõ ïåðâûõ èíòåãðàëîâ. Âñÿêóþ íîðìàëüíóþ ñèñòåìó (6.1)
ìîæíî çàïèñàòü â âèäå ñèñòåìû â ñèììåòðè÷åñêîé ôîðìå:
dx1
f1
=
dx2
f2
= : : : =
dxn
fn
=
dt
1
: (6.5)
Èíòåãðèðîâàíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, êàê ïðàâèëî, îá-
ëåã÷àåòñÿ, åñëè óäàåòñÿ íàéòè îäèí èëè íåñêîëüêî íåçàâèñèìûõ ïåðâûõ èí-
òåãðàëîâ, òàê êàê ýòî ïîçâîëÿåò ïîíèçèòü ïîðÿäîê ñèñòåìû. Äåéñòâèòåëüíî,
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åñëè íàéäåíî m < n íåçàâèñèìûõ ïåðâûõ èíòåãðàëîâ ñèñòåìû (6.1), òî âû-
ðàæàÿ m íåèçâåñòíûõ ôóíêöèé ÷åðåç n   m îñòàëüíûõ è ïîäñòàâëÿÿ èõ
â óðàâíåíèÿ ñèñòåìû, ïðèäåì ê ñèñòåìå n   m íåçàâèñèìûõ óðàâíåíèé âè-
äà (6.1), à îñòàëüíûå óðàâíåíèÿ ýòîé ñèñòåìû ëèáî îáðàòÿòñÿ â òîæäåñòâà, ëè-
áî áóäóò ñëåäñòâèåì îñòàëüíûõ. Ïðåèìóùåñòâî ñèììåòðè÷åñêîé ôîðìû (6.5)
ñèñòåìû óðàâíåíèé (6.1) çàêëþ÷àåòñÿ â òîì, ÷òî âñå ïåðåìåííûå, âõîäÿùèå
â ñèñòåìó, ñòàíîâÿòñÿ ðàâíîïðàâíûìè, ÷òî çà÷àñòóþ îáëåã÷àåò åå ðåøåíèå.
Êðîìå òîãî, ê òàêîé ñèñòåìå ìîæíî ïðèìåíÿòü ìåòîä èíòåãðèðóåìûõ êîì-
áèíàöèé. Ïîä èíòåãðèðóåìîé êîìáèíàöèåé ïîíèìàåòñÿ ëåãêî èíòåãðèðóåìîå
äèôôåðåíöèàëüíîå óðàâíåíèå, ïîëó÷åííîå èç äàííîé ñèñòåìû êàêèìè-ëèáî
ïðåîáðàçîâàíèÿìè. Äëÿ ïîëó÷åíèÿ èíòåãðèðóåìîé êîìáèíàöèè ïîëüçóþòñÿ
ñâîéñòâîì ðàâíûõ äðîáåé: åñëè èìåþòñÿ ðàâíûå äðîáè
a1
b1
=
a2
b2
= : : : =
an
bn
;
òî äëÿ ëþáûõ k1 , k2 , . . . , kn ñïðàâåäëèâî ðàâåíñòâî
a1
b1
=
a2
b2
= : : : =
an
bn
=
k1a1 + k2a2 + : : :+ knan
k1b1 + k2b2 + : : :+ knbn
:
Òàê, â ïðèìåðå 1, åñëè çàïèñàòü ñèñòåìó â ñèììåòðè÷åñêîé ôîðìå:
dx =
dy
z
=
y dz
z2
;
òî îäèí ïåðâûé èíòåãðàë z=y = C1 íàõîäèòñÿ áåç òðóäà. Ïîäñòàâèâ ýòó ôóíê-
öèþ â ïåðâîå óðàâíåíèå ñèñòåìû, ïðèäåì ê óðàâíåíèþ y0 = C1y , ðåøèâ êî-
òîðîå, ïîëó÷èì y = C2e
C1x . Ðàçðåøèâ ïîñëåäíåå ðàâåíñòâî îòíîñèòåëüíî C2
è ïîäñòàâèâ â íåãî (âìåñòî C1) ëåâóþ ÷àñòü íàéäåííîãî ïåðâîãî èíòåãðàëà,
ïîëó÷èì åùå îäèí ïåðâûé èíòåãðàë ñèñòåìû: ye zx=y = C2 .
Ïðèìåð 3. Íàéòè îáùèé èíòåãðàë ñèñòåìû óðàâíåíèé
dx
x
=
dy
y
=
dz
x+ y
: (6.6)
Ðåøåíèå. Ïåðâûå äâå äðîáè îáðàçóþò èíòåãðèðóåìóþ êîìáèíàöèþ
dx
x
=
dy
y
;
èç êîòîðîé ïîëó÷àåì x = C1y , ñëåäîâàòåëüíî, îäèí ïåðâûé èíòåãðàë èìååò
âèä
x
y
= C1: (6.7)
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×òîáû íàéòè åùå îäèí ïåðâûé èíòåãðàë, âîñïîëüçóåìñÿ ñâîéñòâîì ðàâíûõ
äðîáåé è çàïèøåì ñîîòíîøåíèå
dx+ dy
x+ y
=
dz
x+ y
;
èç êîòîðîãî ñëåäóåò, ÷òî x+ y = z +C2 . Ïîýòîìó åùå îäèí ïåðâûé èíòåãðàë
ñèñòåìû (6.6) èìååò âèä
x+ y   z = C2: (6.8)
Ïîêàæåì, ÷òî ïåðâûå èíòåãðàëû (6.7), (6.8) ôóíêöèîíàëüíî íåçàâèñèìû. Äëÿ
ýòîãî ñîñòàâèì ÿêîáèàí
D( 1;  2)
D(u; v)
, ãäå  1 =
x
y
,  2 = x + y   z , à â êà÷åñòâå
u è v ìîæíî âçÿòü ëþáûå äâå èç òðåõ ïåðåìåííûõ x, y , z . Íàïðèìåð,
D( 1;  2)
D(x; y)
=

1
y
  x
y2
1 1
 = 1y + xy2 = x+ yy2 6 0;
ñëåäîâàòåëüíî, ýòè äâà èíòåãðàëà íåçàâèñèìû. Ýòó æå ïðîâåðêó ìîæíî áûëî
ñäåëàòü è ïî-äðóãîìó:  1 íå ñîäåðæèò ïåðåìåííóþ z , à  2 ñîäåðæèò, ïîýòîìó
îíè íå ìîãóò áûòü ôóíêöèîíàëüíî çàâèñèìû.
Ïðèìåð 4. Íàéòè îáùèé èíòåãðàë ñèñòåìû óðàâíåíèé
dx
z   y =
dy
x  z =
dz
y   x: (6.9)
Ðåøåíèå. Ñëîæèì â ñèñòåìå (6.9) ÷èñëèòåëè è çíàìåíàòåëè:
dx
z   y =
dy
x  z =
dz
y   x =
dx+ dy + dz
0
:
Îòñþäà ñ íåîáõîäèìîñòüþ ñëåäóåò, ÷òî
dx+ dy + dz = 0; èëè d(x+ y + z) = 0;
ñëåäîâàòåëüíî,
x+ y + z = C1: (6.10)
Òåïåðü äîìíîæèì â ñèñòåìå (6.9) ÷èñëèòåëè è çíàìåíàòåëè äðîáåé íà 2x,
2y è 2z ñîîòâåòñòâåííî, è ñëîæèì. Ïîëó÷èì
2x dx
2x(z   y) =
2y dy
2y(x  z) =
2z dz
2z(y   x) =
d(x2 + y2 + z2)
0
;
îòêóäà
x2 + y2 + z2 = C2: (6.11)
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Ëåãêî ïðîâåðèòü, ÷òî ïåðâûå èíòåãðàëû (6.10) è (6.11) íåçàâèñèìû, ïî-
ýòîìó âìåñòå îíè îáðàçóþò îáùèé èíòåãðàë ñèñòåìû (6.9).
Ïðèìåð 5. Íàéòè îáùèé èíòåãðàë ñèñòåìû óðàâíåíèé
dx
xz
=
dy
yz
=
dz
xy
p
z2 + 1
:
Ðåøåíèå. Èç ïåðâîãî ðàâåíñòâà èìååì
dx
x
=
dy
y
; èëè x = C1y:
Òàêèì îáðàçîì, îäèí ïåðâûé èíòåãðàë èìååò âèä
x
y
= C1:
Òåïåðü, ÷òîáû íàéòè åùå îäèí, ïîäñòàâèì x = C1y âî âòîðîå ðàâåíñòâî:
dy
z
=
dz
x
p
z2 + 1
;
dy
z
=
dz
C1y
p
z2 + 1
; C1y dy =
z dzp
z2 + 1
;
îòêóäà C1y
2=2 =
p
z2 + 1 + C2 . Ïîäñòàâèâ â ïîñëåäíåå ðàâåíñòâî C1 = x=y ,
ïîëó÷èì xy = 2
p
z2 + 1 + C2 , èëè
xy   2
p
z2 + 1 = C2:
Ïðèìåð 6. Ïðîâåðèòü, ÿâëÿþòñÿ ëè ôóíêöèè '1 = t
2 + 2xy , '2 = x
2   ty
ïåðâûìè èíòåãðàëàìè ñèñòåìû óðàâíåíèé
dx
dt
=
x2   t
y
;
dy
dt
=  x ?
Ðåøåíèå. Êàæäàÿ èç ôóíêöèé '1 , '2 ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåíöè-
ðóåìîé. Âû÷èñëèì èõ ïðîèçâîäíûå â ñèëó ñèñòåìû. Èìååì:
1)
d'1
dt
= 2y  dx
dt
+ 2x  dy
dt
+ 2t =
2y(x2   t)
y
  2x2 + 2t = 0;
2)
d'2
dt
= 2x  dx
dt
  t  dy
dt
  y = 2x  x
2   t
y
+ tx  y 6 0:
Òàêèì îáðàçîì, ôóíêöèÿ '1 ÿâëÿåòñÿ ïåðâûì èíòåãðàëîì èñõîäíîé ñèñòåìû
óðàâíåíèé, à ôóíêöèÿ '2  íå ÿâëÿåòñÿ.
Çàäà÷è.
Ðåøèòü ñèñòåìû óðàâíåíèé:
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1. y0 =
x
z
; z0 =  x
y
:
2. y0 = y2z; z0 =
z
x
  yz2:
3. x0 = y2 + sin t, y0 = x=2y .
4.
dx
2y   z =
dy
y
=
dz
z
:
5.
dx
z2   y2 =
dy
z
=  dz
y
:
6.
dx
x+ y2 + z2
=
dy
y
=
dz
z
:
7.
dx
cos y
=
dy
cosx
=
dz
cosx cos y
.
8.
dx
mz   ny =
dy
nx  kz =
dz
ky  mx , ãäå k;m; n  çàäàííûå êîíñòàíòû.
Ïðîâåðèòü, ÿâëÿþòñÿ ëè ïåðâûìè èíòåãðàëàìè ñèñòåìû óðàâíåíèé ôóíê-
öèè '1 , '2 .
9.
dx
dt
= xy;
dy
dt
= x2 + y2 , '1 = x ln y   x2y , '2 = y
2
x2
  2 ln x.
10.
dx
dt
=  x
t
;
dy
dt
=
2x2   ty
t2
, '1 = tx, '2 = ty + x
2 .
Îòâåòû.
1. y = C2e
C1x
2
; z =
1
2C1C2
e C1x
2
:
2. y = C2e
C1x
2
; z =
2C1
C2
xe C1x
2
; y = 0; z = Cx:
3. x = C1e
t + C2e
 t   12 cos t, y2 = C1et   C2e t   12 sin t.
4. y = C1x; x = 2y   z + C2:
5. y2 + z2 = C1; x  yz = C2:
6. y = C1z; x  y2   z2 = C2z:
7. sinx  sin y = C1 , sinx  z = C2 .
8. x2 + y2 + z2 = C1 , kx+my + nz = C2 .
9. '1  íåò, '2  äà.
10. '1  äà, '2  äà.
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7. Ëèíåéíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî
ïîðÿäêà
Ïóñòü èñêîìàÿ ôóíêöèÿ z çàâèñèò îò íåñêîëüêèõ ïåðåìåííûõ x1 , . . . , xn ,
n > 2. Óðàâíåíèå, ñâÿçûâàþùåå íåçàâèñèìûå ïåðåìåííûå, èñêîìóþ ôóíê-
öèþ è ÷àñòíûå ïðîèçâîäíûå îò èñêîìîé ôóíêöèè, íàçûâàåòñÿ óðàâíåíèåì
â ÷àñòíûõ ïðîèçâîäíûõ. Ïîðÿäîê ñòàðøåé ïðîèçâîäíîé, âõîäÿùåé â óðàâíå-
íèå, íàçûâàåòñÿ ïîðÿäêîì óðàâíåíèÿ. Ìû îãðàíè÷èìñÿ ðàññìîòðåíèåì ëèíåé-
íûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà, òî åñòü, óðàâíåíèé
âèäà
a1
@z
@x1
+ : : :+ an
@z
@xn
= b; (7.1)
ãäå a1 , . . . , an , b  ôóíêöèè îò x1 , . . . , xn , z . ×òîáû ðåøèòü òàêîå óðàâ-
íåíèå, íåîáõîäèìî çàïèñàòü ñîîòâåòñòâóþùóþ õàðàêòåðèñòè÷åñêóþ ñèñòåìó
îáûêíîâåííûõ óðàâíåíèé â ñèììåòðè÷åñêîé ôîðìå:
dx1
a1
= : : : =
dxn
an
=
dz
b
; (7.2)
è íàéòè n åå íåçàâèñèìûõ ïåðâûõ èíòåãðàëîâ
'1(x1; : : : ; xn; z) = C1;
: : : : : : : : :
'n(x1; : : : ; xn; z) = Cn:
(7.3)
Ïîñëå ýòîãî îáùåå ðåøåíèå óðàâíåíèÿ (7.1) ìîæåò áûòü çàïèñàíî â âèäå
F ('1(x1; : : : ; xn; z); : : : ; 'n(x1; : : : ; xn; z)) = 0; (7.4)
ãäå F  ïðîèçâîëüíàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Â ÷àñòíîñòè, åñëè z
âõîäèò òîëüêî â îäèí èç ïåðâûõ èíòåãðàëîâ, íàïðèìåð, â 'n , òî ñîîòíîøå-
íèå (7.3) ìîæíî ðàçðåøèòü îòíîñèòåëüíî 'n è çàïèñàòü â âèäå
'n(x1; : : : ; xn; z) = f('1(x1; : : : ; xn); : : : ; 'n 1(x1; : : : ; xn)) = 0; (7.5)
ãäå f  ïðîèçâîëüíàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Åñëè óäàåòñÿ ðàçðåøèòü
ðàâåíñòâî (7.5) îòíîñèòåëüíî z , òî ìîæíî çàïèñàòü îòâåò â ÿâíîì âèäå.
Óðàâíåíèå âèäà
a1
@z
@x1
+ : : :+ an
@z
@xn
= 0; (7.6)
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íàçûâàåòñÿ îäíîðîäíûì ëèíåéíûì óðàâíåíèåì â ÷àñòíûõ ïðîèçâîäíûõ ïåð-
âîãî ïîðÿäêà. Äëÿ ýòîãî óðàâíåíèÿ îäèí èç ïåðâûõ èíòåãðàëîâ ñîîòâåòñòâó-
þùåé õàðàêòåðèñòè÷åñêîé ñèñòåìû èìååò âèä 'n  z . Ïîýòîìó äëÿ íàõîæ-
äåíèÿ îáùåãî ðåøåíèÿ äîñòàòî÷íî íàéòè (n  1) íåçàâèñèìûõ ïåðâûõ èíòå-
ãðàëîâ ñèñòåìû
dx1
a1
= : : : =
dxn
an
;
â êîòîðîé ïåðåìåííóþ z (åñëè îíà âõîäèò â êîýôôèöèåíòû óðàâíåíèÿ) íóæ-
íî çàìåíèòü íà ïîñòîÿííóþ Cn , à çàòåì â ïîëó÷åííûõ ïåðâûõ èíòåãðàëàõ
îñóùåñòâèòü îáðàòíóþ çàìåíó.
Åñëè æå ôóíêöèè a1 , . . . , an íå çàâèñÿò îò z , òî îáùåå ðåøåíèå óðàâíå-
íèÿ (7.6) èìååò âèä
z = F ('1(x1; : : : ; xn); : : : ; 'n 1(x1; : : : ; xn));
ãäå '1 , . . . , 'n 1  îñòàëüíûå íåçàâèñèìûå ïåðâûå èíòåãðàëû õàðàêòåðèñòè-
÷åñêîé ñèñòåìû, à F  ïðîèçâîëüíàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ.
Ïðèìåð 1. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ
p
x
@z
@x
+
p
y
@z
@y
=
1
2
: (7.7)
Ðåøåíèå. Çàïèøåì ñîîòâåòñòâóþùóþ ñèñòåìó óðàâíåíèé â ñèììåòðè÷å-
ñêîé ôîðìå:
dxp
x
=
dyp
y
= 2 dz:
Åå ïåðâûå èíòåãðàëû èìåþò âèä
p
x py = C1 è py z = C2 . Ñëåäîâàòåëüíî,
îáùåå ðåøåíèå ìîæíî çàïèñàòü ëèáî â âèäå
F (
p
x py;py   z) = 0;
ëèáî â âèäå z   py = f(px   py). Ðàçðåøèâ ïîñëåäíåå ðàâåíñòâî îòíîñè-
òåëüíî z , ïîëó÷èì ðåøåíèå óðàâíåíèÿ (7.7) â ÿâíîì âèäå
z =
p
y + f(
p
x py):
Ïðèìåð 2. Íàéòè îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ
@u
@x
  (y + 2z)@u
@y
+ (3y + 4z)
@u
@z
= 0: (7.8)
Ðåøåíèå. Çàïèøåì õàðàêòåðèñòè÷åñêóþ ñèñòåìó óðàâíåíèé â ñèììåòðè-
÷åñêîé ôîðìå:
dx
1
=
dy
 (y + 2z) =
dz
3y + 4z
: (7.9)
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Âòîðàÿ è òðåòüÿ äðîáè îáðàçóþò èíòåãðèðóåìóþ êîìáèíàöèþ. Ðåøèâ ýòî
îäíîðîäíîå óðàâíåíèå, ïîëó÷èì ïåðâûé èíòåãðàë
(3y + 2z)2
y + z
= C1:
Òåïåðü, âîñïîëüçîâàâøèñü ñâîéñòâîì ðàâíûõ äðîáåé, ïîëó÷èì
dx
1
=
d(y + z)
2(y + z)
:
Ðåøèâ ýòî óðàâíåíèå, íàéäåì âòîðîé ïåðâûé èíòåãðàë, ôóíêöèîíàëüíî íåçà-
âèñèìûé ñ ïåðâûì, íå ñîäåðæàùåì ïåðåìåííóþ x.
e 2x(y + z) = C2:
Ñëåäîâàòåëüíî, îáùåå ðåøåíèå óðàâíåíèÿ (7.8) áóäåò èìåòü âèä
u = F

(3y + 2z)2
y + z
; e 2x(y + z)

:
Çàìåòèì, ÷òî ðåøåíèå ìîæíî çàïèñàòü â áîëåå ïðîñòîì âèäå, åñëè ïåðåïèñàòü
ïîëó÷åííûé ðàíåå ïåðâûé èíòåãðàë ñëåäóþùèì îáðàçîì:
C1 =
(3y + 2z)2
y + z
=
(3y + 2z)2
C2e2x
:
Òîãäà (3y + 2z)e x = C3  òîæå ïåðâûé èíòåãðàë ñèñòåìû (7.9). Ïîýòîìó
îáùåå ðåøåíèå óðàâíåíèÿ (7.8) ìîæíî òàêæå çàïèñàòü ôîðìóëîé
u = F (e x(3y + 2z); e 2x(y + z)):
×òîáû íàéòè èíòåãðàëüíóþ ïîâåðõíîñòü z = z(x; y) äèôôåðåíöèàëüíîãî
óðàâíåíèÿ
a1(x; y; z)
@z
@x
+ a2(x; y; z)
@z
@y
= b(x; y; z); (7.10)
ïðîõîäÿùóþ ÷åðåç äàííóþ ëèíèþ ñ ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè
x = u(t); y = v(t); z = w(t) (7.11)
(ïîñòàâëåííàÿ çàäà÷à íàçûâàåòñÿ çàäà÷åé Êîøè), íåîáõîäèìî ñíà÷àëà íàéòè
äâà íåçàâèñèìûõ ïåðâûõ èíòåãðàëà ñîîòâåòñòâóþùåé ñèñòåìû
dx
a1
=
dy
a2
=
dz
b
:
66
Ïîòîì â ýòè èíòåãðàëû
'1(x; y; z) = C1; '2(x; y; z) = C2 (7.12)
íóæíî ïîäñòàâèòü âìåñòî x, y , z èõ âûðàæåíèÿ (7.11) ÷åðåç ïàðàìåòð t.
Çàòåì èç ïîëó÷åííûõ ñîîòíîøåíèé âèäà 1(t) = C1 , 2(t) = C2 íóæíî èñ-
êëþ÷èòü t è ïîëó÷èòü óðàâíåíèå (C1; C2) = 0. Ïîäñòàâèâ ñþäà âìåñòî C1
è C2 èõ âûðàæåíèÿ ïî ôîðìóëàì (7.12), ïîëó÷èì óðàâíåíèå èñêîìîé ïîâåðõ-
íîñòè.
Åñëè æå óðàâíåíèÿ äàííîé ëèíèè äàíû íå â ïàðàìåòðè÷åñêîì âèäå, à â
âèäå ïåðåñå÷åíèÿ äâóõ ïîâåðõíîñòåé
(x; y; z) = 0; (x; y; z) = 0; (7.13)
òî ñíà÷àëà íåîáõîäèìî ïàðàìåòðèçîâàòü ýòó ëèíèþ êàêèì-ëèáî ñïîñîáîì.
Ïðèìåð 3. Íàéòè ïîâåðõíîñòü, óäîâëåòâîðÿþùóþ óðàâíåíèþ
(x3 + 3xy2)
@z
@x
+ 2y3
@z
@y
= 2y2z; (7.14)
è ïðîõîäÿùóþ ÷åðåç ëèíèþ, çàäàííóþ óðàâíåíèÿìè
xyz = 1; x2 = y:
Ðåøåíèå. Çàïèøåì ñîîòâåòñòâóþùóþ õàðàêòåðèñòè÷åñêóþ ñèñòåìó óðàâ-
íåíèé:
dx
x3 + 3xy2
=
dy
2y3
=
dz
2y2z
:
Âòîðàÿ è òðåòüÿ äðîáè îáðàçóþò èíòåãðèðóåìóþ êîìáèíàöèþ dy=y = dz=z ,
îòêóäà íàõîäèì ïåðâûé èíòåãðàë
y
z
= C1:
Ïåðâàÿ è âòîðàÿ äðîáè òàêæå îáðàçóþò èíòåãðèðóåìóþ êîìáèíàöèþ. Îäíî-
ðîäíîå óðàâíåíèå
2y3 dx = (x3 + 3xy2) dy
ïðîùå ðåøàòü, ñ÷èòàÿ x ôóíêöèåé îò y . Ñäåëàâ çàìåíó x = ty , ïðèäåì ê
óðàâíåíèþ 2t0y = t3 + t, ðåøåíèåì êîòîðîãî ÿâëÿåòñÿ ñîîòíîøåíèå
t2
t2 + 1
=
Cy . Ïîñëå îáðàòíîé ïîäñòàíîâêè ïîëó÷èì âòîðîé ïåðâûé èíòåãðàë
y +
y3
x2
= C2;
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ôóíêöèîíàëüíî íåçàâèñèìûé ñ ïîëó÷åííûì.
Çàïèøåì óðàâíåíèå äàííîé â óñëîâèè ëèíèè â ïàðàìåòðè÷åñêîì âèäå. Åñ-
ëè â êà÷åñòâå ïàðàìåòðà âçÿòü x = t, òî y = t2 , z = 1=xy = 1=t3 . Ïîäñòà-
âèâ ýòè óðàâíåíèÿ â ïåðâûé èíòåãðàë y=z = C1 , ïîëó÷èì t
5 = C1 , îòêóäà
t = 5
p
C1 . Òåïåðü ïîäñòàâèì óðàâíåíèÿ ëèíèè â ïåðâûé èíòåãðàë y+
y3
x2
= C2 .
Ïîëó÷èì t2 + t4 = C2 . Çàìåíèâ t íà
5
p
C1 , ïðèäåì ê ðàâåíñòâó
5
q
C21 +
5
q
C41 = C2:
Íàêîíåö, ñäåëàâ îáðàòíûå ïîäñòàíîâêè äëÿ C1 = y=z è C2 = y +
y3
x2
, íàéäåì
óðàâíåíèå èñêîìîé ïîâåðõíîñòè:
5
r
y2
z2
+
5
r
y4
z4
= y +
y3
x2
:
Çàäà÷è.
Íàéòè îáùåå ðåøåíèå óðàâíåíèé:
1: (x+ 2y)
dz
dx
  ydz
dy
= 0:
2: y
dz
dx
+ x
dz
dy
= x  y:
3: y
dz
dx
+ z
dz
dy
=
y
x
:
4: x2z
dz
dx
+ y2z
dz
dy
= x+ y:
5: x
du
dx
+ y
du
dy
+ (z + u)
du
dz
= xy:
Îòâåòû.
1: z = F (xy + y2):
2: z = y   x+ F (x2   y2):
3: F (z   ln jxj; 2x(z   1)  y2) = 0:
4: F

1
x
  1
y
; ln jxyj   z
2
2

= 0:
5: F

x
y
; xy   2u; z + u  xy
x

= 0:
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Íàéòè ïîâåðõíîñòè, óäîâëåòâîðÿþùèå óðàâíåíèÿì è ïðîõîäÿùèå ÷åðåç
äàííóþ ëèíèþ:
1: y2
dz
dx
+ xy
dz
dy
= x; x = 0; z = y2:
2: x
dz
dx
+ y
dz
dy
= z   xy; x = 2; z = y2 + 1:
3: x
dz
dx
  ydz
dy
= z2(x  3y); x = 1; zy + 1 = 0:
4: z
dz
dx
  xydz
dy
= 2xz; x+ y = 2; yz = 1:
5: x
dz
dx
+ z
dz
dy
= y; y = 2z; x+ 2y = z:
Îòâåòû.
1: z = y2   x2   ln
p
y2   x2 + ln jyj:
2: (x+ 2y)2 = 2x(z + xy):
3: 2xy + 1 = x+ 3y +
1
z
:
4: [(y2z   2)2   x2 + z]y2z = 1:
5: x+ y + z = 0:
8. Ðåøåíèå óðàâíåíèé ñ ïîìîùüþ ðÿäîâ
Ðàññìîòðèì âîïðîñ î ïðèáëèæåííîì ðåøåíèè çàäà÷è Êîøè
y(n) = f(x; y; y0; : : : ; y(n 1)); y(x0) = y0; y0(x0) = y00; : : : ; y
(n 1)(x0) = y
(n 1)
0 :
(8.1)
Çäåñü ôóíêöèþ f(x; y; y0; : : : ; y(n 1)) áóäåì ñ÷èòàòü àíàëèòè÷åñêîé â îêðåñò-
íîñòè òî÷êè (x0; y0; y
0
0; : : : ; y
(n 1)
0 ), òî åñòü, ðàñêëàäûâàþùåéñÿ â ñõîäÿùèéñÿ
ðÿä ïî ñòåïåíÿì x x0 , y y0 , . . . , y(n 1) y(n 1)0 . Òîãäà ðåøåíèå ïîñòàâëåííîé
çàäà÷è y(x) òàêæå áóäåò àíàëèòè÷åñêîé ôóíêöèåé è åå ìîæíî ðàçëîæèòü â
ðÿä â îêðåñòíîñòè òî÷êè x0 . Ïîýòîìó ðåøåíèå ìîæíî èñêàòü â âèäå ðÿäà
y(x) =
1X
k=0
ak(x  x0)k:
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Ïðèìåð 1. Íàéòè ñ òî÷íîñòüþ äî x5 ðåøåíèå çàäà÷è Êîøè
y0 = x2   1
y
; y(0) =  1: (8.2)
Ðåøåíèå. Áóäåì èñêàòü ðåøåíèå â âèäå ðÿäà
y = a0 + a1x+ a2x
2 + a3x
3 + a4x
4 + a5x
5 + : : :
Èç íà÷àëüíîãî óñëîâèÿ ñëåäóåò, ÷òî a0 = y(0) =  1. Ïîäñòàâèâ â èñõîäíîå
óðàâíåíèå x = 0, ïîëó÷èì y0(0) =  1=y(0). Íî y0(0) = a1 , ñëåäîâàòåëüíî,
a1 = 1.
Ïîäñòàâèâ ýòîò ðÿä â óðàâíåíèå (8.2), ïîëó÷èì
1 + 2a2x+ 3a3x
2 + 4a4x
3 + 5a5x
4 + : : : 
 x2 + 1
1  x  a2x2   a3x3   a4x4   a5x5   : : : : (8.3)
Íàì íåîáõîäèìî îáðàòèòü äðîáü â ïðàâîé ÷àñòè ïîëó÷åííîãî òîæäåñòâà, ò.å.
ïðåäñòàâèòü åå â âèäå ðÿäà b0+b1x+b2x
2+b3x
3+b4x
4+: : :, ïðè÷åì, ïîñêîëüêó
â ëåâîé ÷àñòè ðàâåíñòâà (8.3) ìàêñèìàëüíàÿ ñòåïåíü x  ýòî x4 , äîñòàòî÷-
íî îãðàíè÷èòüñÿ âû÷èñëåíèåì êîýôôèöèåíòîâ äî ÷åòâåðòîé ñòåïåíè. Òàêèì
îáðàçîì, ìû ïîëó÷àåì ðàâåíñòâî
1+2a2x+3a3x
2+4a4x
3+5a5x
4+: : :  x2+b0+b1x+b2x2+b3x3+b4x4+: : : ; (8.4)
â êîòîðîì êîýôôèöèåíòû bi íóæíî èñêàòü èç óñëîâèÿ
(1 x a2x2 a3x3 a4x4 a5x5 : : : )(b0+b1x+b2x2+b3x3+b4x4+: : : )  1: (8.5)
ßñíî, ÷òî ñâîáîäíûé ÷ëåí b0 = 1. Ïðèðàâíÿâ â òîæäåñòâå (8.5) êîýô-
ôèöèåíòû ïðè x, ïîëó÷èì  b0 + b1 = 0, îòêóäà b1 = 1. Ïîäñòàâèâ ýòî â
ñîîòíîøåíèå (8.4), íàéäåì 2a2 = 1, ñëåäîâàòåëüíî, a2 = 1=2.
Òåïåðü ïðèðàâíÿåì â (8.5) êîýôôèöèåíòû ïðè x2 :  a2b0   b1 + b2 = 0,
îòêóäà  1=2  1+ b2 = 0 è b2 = 3=2. Ïîäñòàâèì íàéäåííîå çíà÷åíèå â (8.4) è
ïðèðàâíÿåì êîýôôèöèåíòû ïðè x2 . Íàéäåì 3a3 = 1 + 3=2, îòêóäà a3 = 5=6.
Äåéñòâóÿ àíàëîãè÷íî, ïðèðàâíÿåì â òîæäåñòâå (8.5) êîýôôèöèåíòû ïðè
x3 è íàéäåì, ÷òî b3 = 17=6. Ïîäñòàâèì ýòî çíà÷åíèå â (8.4) è ïðèðàâíÿåì
êîýôôèöèåíòû ïðè x3 . Ïîëó÷èì, ÷òî a4 = 17=24. Íàêîíåö, b4 = 41=8 è
a5 = 41=40.
Òàêèì îáðàçîì, ñ òî÷íîñòüþ äî o(x5) ðåøåíèå çàäà÷è (8.2) èìååò âèä
y =  1 + x+ 1
2
x2 +
5
6
x3 +
17
24
x4 +
41
40
x5:
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Ýòó çàäà÷ó ìîæíî áûëî ðåøàòü è ïî-äðóãîìó. Ìû íàøëè a0 = y(0) =  1,
a1 = y
0(0) = 1. Òåïåðü ïðîäèôôåðåíöèðóåì íàøå óðàâíåíèå ïî x:
y00 = 2x+
y0
y2
:
Ïîäñòàâèì x = 0 è ïîëó÷èì y00(0) = y0(0)=y2(0) = 1. Ñëåäîâàòåëüíî, a2 =
y00(0)=2! = 1=2. Äàëåå,
y000 = 2 +
y00
y2
  2y
02
y3
;
îòêóäà y000(0) = 5, à a3 = y000(0)=3! = 5=6. Ïðîäîëæàÿ àíàëîãè÷íî, ìîæíî
íàéòè êîýôôèöèåíòû a4 è a5 .
Ïðèìåð 2. Íàéòè ñ òî÷íîñòüþ äî x5 ðåøåíèå çàäà÷è Êîøè
y00 = y2 + x2y0; y(0) = 1; y0(0) = 2: (8.6)
Ðåøåíèå. Áóäåì èñêàòü ðåøåíèå â âèäå y = a0+a1x+a2x
2+a3x
3+a4x
4+
a5x
5+ : : :. Èç íà÷àëüíîãî óñëîâèÿ ñëåäóåò, ÷òî a0 = y(0) = 1, a1 = y
0(0) = 2.
Ïîäñòàâèâ â èñõîäíîå óðàâíåíèå x = 0, ïîëó÷èì y00(0) = 1. Íî y00(0) = 2a2 ,
ñëåäîâàòåëüíî, a2 = 1=2.
Ïîñêîëüêó y00 = 2a2+6a3x+12a4x2+20a5x3+: : :, ïðàâóþ ÷àñòü óðàâíåíèÿ
(8.6) äîñòàòî÷íî âû÷èñëèòü ñ òî÷íîñòüþ äî x3 . Ïðè ýòîì y2 = (a0 + a1x +
a2x
2 + a3x
3 + : : :)2 = a20 + 2a0a1x + (a
2
1 + 2a0a2)x
2 + (2a1a2 + 2a0a3)x
3 + : : :,
à x2y0 = x2(a1 + 2a2x + 3a3x2 + 4a4x3 + : : :) = a1x2 + 2a2x3 + : : : Ïîäñòàâèâ
íàéäåííûå âûðàæåíèÿ â èñõîäíîå óðàâíåíèå, è îòáðîñèâ âñå ÷ëåíû âûøå
òðåòüåé ñòåïåíè, ïðèäåì ê òîæäåñòâó
2a2 + 6a3x+ 12a4x
2 + 20a5x
3 
 a20 + 2a0a1x+ (a21 + 2a0a2 + a1)x2 + (2a1a2 + 2a0a3 + 2a2)x3:
Ïðèðàâíÿâ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x, ïîëó÷èì ñèñòåìó
óðàâíåíèé 8>>><>>>:
2a2 = a
2
0;
6a3 = 2a0a1;
12a4 = a
2
1 + 2a0a2 + a1;
20a5 = 2a1a2 + 2a0a3 + 2a2;
èç êîòîðîé ïîñëåäîâàòåëüíî íàõîäèì a2 = a
2
0=2 = 1=2, a3 = a0a1=3 = 2=3,
a4 = (a
2
1 + 2a0a2 + a1)=12 = 7=12, a5 = (2a1a2 + 2a0a3 + 2a2)=20 = 13=60.
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Ñëåäîâàòåëüíî, ñ òî÷íîñòüþ äî o(x5), ðåøåíèå çàäà÷è (8.6) èìååò âèä
y = 1 + 2x+
1
2
x2 +
2
3
x3 +
7
12
x4 +
13
60
x5:
Ðàññìîòðèì ëèíåéíîå óðàâíåíèå âòîðîãî ïîðÿäêà
a0(x)y
00 + a1(x)y0 + a2(x)y = 0: (8.7)
Ýòè óðàâíåíèÿ âàæíû äëÿ ïðèëîæåíèé, íî ðåøèòü èõ â ýëåìåíòàðíûõ ôóíê-
öèÿõ çà÷àñòóþ íå óäàåòñÿ (ñì. ï. 9.1). Â òàêèõ ñëó÷àÿõ ìîæíî èñêàòü ðåøåíèå
óðàâíåíèÿ â âèäå ñòåïåííîãî ðÿäà ïî ñòåïåíÿì x x0 , ãäå x0  íà÷àëüíîå çíà-
÷åíèå. Â àíàëèòè÷åñêîé òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé äîêàçûâàåòñÿ,
÷òî åñëè êîýôôèöèåíòû a0(x), a1(x), a2(x) ýòîãî óðàâíåíèÿ ÿâëÿþòñÿ ìíî-
ãî÷ëåíàìè èëè ñõîäÿùèìèñÿ ðÿäàìè ïî ñòåïåíÿì x  x0 , ïðè÷åì a0(x0) 6= 0,
òî ðåøåíèÿ óðàâíåíèÿ (8.7) òàêæå ìîãóò áûòü âûðàæåíû â âèäå ñõîäÿùèõñÿ
ðÿäîâ ïî ñòåïåíÿì x  x0 .
Ïðèìåð 3. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ
y00 + xy0 + y = 0: (8.8)
Ðåøåíèå. Áóäåì èñêàòü ðåøåíèå â âèäå ðÿäà y =
1P
k=0
ckx
k . Òîãäà y0 =
1P
k=1
kckx
k 1 , y00 =
1P
k=2
k(k   1)ckxk 2 . Ïîäñòàâèì ýòè âûðàæåíèÿ â óðàâíå-
íèå (8.8), ó÷èòûâàÿ, ÷òî xy0 =
1P
k=1
kckx
k , è ïîëó÷èì òîæäåñòâî
1X
k=2
k(k   1)ckxk 2 +
1X
k=1
kckx
k +
1X
k=0
ckx
k  0:
Ïðîèçâîäÿ â ïåðâîé ñóììå çàìåíó èíäåêñà ñóììèðîâàíèÿ k = m+2, à òàêæå
ìåíÿÿ âî âòîðîé è òðåòüåé ñóììàõ k íà m, ïîëó÷èì
1X
m=0
(m+ 2)(m+ 1)cm+2x
m +
1X
m=0
mcmx
m +
1X
m=0
cmx
m  0:
Çäåñü äëÿ óäîáñòâà, ìû ïîëàãàåì, ÷òî âî âòîðîé ñóììå ñóììèðîâàíèå íà÷èíà-
åòñÿ ñ m = 0. Òåïåðü âñå ýòè ñóììû ìîæíî îáúåäèíèòü â îäíó. À ïîñêîëüêó
ñóììà ïîëó÷åííîãî ðÿäà ðàâíà íóëþ, âñå åãî êîýôôèöèåíòû  íóëè. Òàêèì
îáðàçîì, ìû ïîëó÷àåì áåñêîíå÷íóþ ñèñòåìó óðàâíåíèé
(m+ 2)(m+ 1)cm+2 +mcm + cm = 0; m = 0; 1; : : :
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Ïîñëå ïðèâåäåíèÿ ïîäîáíûõ ñëàãàåìûõ è ñîêðàùåíèÿ íà íåíóëåâîé ìíîæè-
òåëü m+ 1, óðàâíåíèÿ ïðèíèìàþò âèä
cm+2 =   cm
m+ 2
: (8.9)
×òîáû íàéòè äâà ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ óðàâíåíèÿ (8.8), íóæíî ïðè-
äàòü îïðåäåëåííûå çíà÷åíèÿ íà÷àëüíûì êîýôôèöèåíòàì c0 è c1 . Îáû÷íî äëÿ
ïåðâîãî ðåøåíèÿ áåðóò c0 = 1 è c1 = 0, à äëÿ âòîðîãî  íàîáîðîò c0 = 0,
c1 = 1.
Èòàê, ïóñòü ñíà÷àëà c0 = 1 è c1 = 0. Èç ñîîòíîøåíèÿ (8.9) ñëåäóåò, ÷òî
c3 =  c1=3 = 0 è, ïî èíäóêöèè, âñå êîýôôèöèåíòû ñ íå÷åòíûìè íîìåðàìè
c5 , c7 , . . . ðàâíû íóëþ. Äëÿ êîýôôèöèåíòîâ ñ ÷åòíûìè íîìåðàìè èìååì c2 =
 c0=2 =  1=2, c4 =  c2=4 = 1=(2  4), c6 =  c4=6 =  1=(2  4  6), è, ïî
èíäóêöèè,
c2k =
( 1)k
(2k)!!
:
Òàêèì îáðàçîì, îäíî ðåøåíèå óðàâíåíèÿ (8.8) èìååò âèä
y1 =
1X
k=0
( 1)k
(2k)!!
x2k:
Òåïåðü ïóñòü c0 = 0, c1 = 1. Òîãäà âñå êîýôôèöèåíòû ñ ÷åòíûìè íîìåðàìè
c2k = 0. Äëÿ êîýôôèöèåíòîâ ñ íå÷åòíûìè íîìåðàìè èìååì, êàê è âûøå c3 =
 c1=3 =  1=3, c5 =  c3=5 = 1=(1  3  5), c7 =  c5=7 =  1=(1  3  5  7), è, ïî
èíäóêöèè,
c2k+1 =
( 1)k
(2k + 1)!!
:
Ñëåäîâàòåëüíî, âòîðîå ðåøåíèå óðàâíåíèÿ (8.8) èìååò âèä
y2 =
1X
k=0
( 1)k
(2k + 1)!!
x2k:
Îáà ýòè ðÿäà ñõîäÿòñÿ íà âñåé ÷èñëîâîé ïðÿìîé. Ýòî ëåãêî óñòàíîâèòü, íà-
ïðèìåð, ïî ôîðìóëå Êîøè-Àäàìàðà äëÿ ðàäèóñà ñõîäèìîñòè ñòåïåííîãî ðÿäà
R 1 = limk!1 k
pjckj. Ïîýòîìó îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ ìîæíî çà-
ïèñàòü â âèäå
y = C1y1 + C2y2 = C1
1X
k=0
( 1)k
(2k)!!
x2k + C2
1X
k=0
( 1)k
(2k + 1)!!
x2k:
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Ïðèìåð 4. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ
(1 + x2)y00 + 4xy0 + 2y = 0:
Ðåøåíèå. Êàê è â ïðåäûäóùåì ïðèìåðå, áóäåì èñêàòü y =
1P
k=0
ckx
k . Ïîä-
ñòàâèâ ýòîò ðÿä â óðàâíåíèå, ïîëó÷èì
(1 + x2) 
1X
k=2
k(k   1)ckxk 2 + 4x 
1X
k=1
kckx
k 1 + 2 
1X
k=0
ckx
k  0:
Ðàñêðûâ ñêîáêè, ó÷èòûâàÿ, ÷òî âî âòîðîì è òðåòüåì ñëàãàåìîì ìîæíî ôîð-
ìàëüíî ñ÷èòàòü èíäåêñ ñóììèðîâàíèÿ íà÷èíàþùèìñÿ ñ k = 0, è ïðèâîäÿ
ïîäîáíûå ÷ëåíû, ïîëó÷èì
1X
k=2
k(k   1)ckxk 2 +
1X
k=0

k(k   1)ck + 4kck + 2ck

xk  0:
Ñäåëàâ, êàê è â ïðåäûäóùåì ïðèìåðå, â ïåðâîé ñóììå çàìåíó èíäåêñà ñóì-
ìèðîâàíèÿ k = m+ 2, à âî âòîðîé k = m, ïðèäåì ê òîæäåñòâó
1X
m=0

(m+ 2)(m+ 1)cm+2 + (m(m  1) + 4m+ 2)cm

xm  0:
Ïîñêîëüêó m(m   1) + 4m + 2 = m2 + 3m + 2 = (m + 2)(m + 1), ñèñòåìà
óðàâíåíèé äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ ðÿäà ïðèíèìàåò âèä
cm+2 =  cm:
Ëåãêî âèäåòü, ÷òî ðåøåíèå, ñîîòâåòñòâóþùåå c0 = 1 è c1 = 0, èìååò âèä
y1 =
1X
k=0
( 1)kx2k = 1  x2 + x4   x6 + : : : = 1
1 + x2
;
à ðåøåíèå, ñîîòâåòñòâóþùåå c0 = 0 è c1 = 1, åñòü
y2 =
1X
k=0
( 1)kx2k+1 = x  x3 + x5   x7 + : : : = x
1 + x2
:
Ñëåäîâàòåëüíî, îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ ìîæíî çàïèñàòü â âèäå
y = C1y1 + C2y2 =
C1 + C2x
1 + x2
:
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Äëÿ óðàâíåíèÿ (8.7) òî÷êà x0 , â êîòîðîé êîýôôèöèåíò a0(x) îáðàùàåòñÿ
â íóëü, íàçûâàåòñÿ îñîáîé òî÷êîé. Â îêðåñòíîñòè îñîáîé òî÷êè x = x0 ðåøå-
íèå â âèäå ñòåïåííîãî ðÿäà ìîæåò íå ñóùåñòâîâàòü. Â òàêîì ñëó÷àå ðåøåíèå
ñëåäóåò èñêàòü â âèäå îáîáùåííîãî ñòåïåííîãî ðÿäà
y = (x  x0)
1X
k=0
ck(x  x0)k:
Ìû îãðàíè÷èìñÿ ðàññìîòðåíèåì óðàâíåíèÿ
x2y00 + xp(x)y0 + q(x)y = 0: (8.10)
Îáîçíà÷èì p0 = p(0), q0 = q(0). ×èñëî  èùåòñÿ èç óðàâíåíèÿ
(  1) + p0+ q0 = 0; (8.11)
êîòîðîå íàçûâàåòñÿ îïðåäåëÿþùèì óðàâíåíèåì. Ïóñòü 1 è 2  êîðíè ýòî-
ãî óðàâíåíèÿ. Åñëè ðàçíîñòü 1   2 íå ÿâëÿåòñÿ öåëûì ÷èñëîì, òî ìîæíî
ïîñòðîèòü äâà ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ
y1 = x
1
1X
k=0
c
(1)
k x
k è y2 = x
2
1X
k=0
c
(2)
k x
k
óðàâíåíèÿ (8.10). Åñëè æå 1 2  öåëîå ÷èñëî, òî óêàçàííûì ñïîñîáîì ìîæ-
íî ïîñòðîèòü òîëüêî îäíî ðåøåíèå y1 , à âòîðîå íàéòè, íàïðèìåð, ïðèìåíÿÿ
ôîðìóëó Îñòðîãðàäñêîãî-Ëèóâèëëÿ (ñì. ×àñòü 1, (9.8)).
Êðîìå òîãî, âòîðîå ðåøåíèå ìîæíî èñêàòü â âèäå
y2 = Ay1(x) ln x+ x
1
1X
k=0
c
(2)
k x
k;
ãäå A  íåêîòîðàÿ êîíñòàíòà, âîçìîæíî, ðàâíàÿ íóëþ.
Ïðèìåð 5. Ðåøèòü óðàâíåíèå
x2y00 +

 x2 + 1
2
x

y0   1
2
y = 0: (8.12)
Ðåøåíèå. Çàïèøåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå. Èìååì p0 = 1=2, q0 =
 1=2. Ñëåäîâàòåëüíî, õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä (   1) +
1
2  12 = 0. Åãî êîðíÿìè ÿâëÿþòñÿ ÷èñëà 1 =  1=2, 2 = 1. Èõ ðàçíîñòü íå
ÿâëÿåòñÿ öåëûì ÷èñëîì, ïîýòîìó ìû ìîæåì ïîñòðîèòü äâà ëèíåéíî íåçàâè-
ñèìûõ ðåøåíèÿ.
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Ñíà÷àëà íàéäåì ðåøåíèå, ñîîòâåòñòâóþùåå êîðíþ 1 =  1=2. Áóäåì èñ-
êàòü åãî â âèäå
y = x 1=2
1X
k=0
ckx
k =
1X
k=0
ckx
k 1=2:
Òîãäà y0 =
1P
k=0
 
k   12

ckx
k 3=2 , y00 =
1P
k=0
 
k   12
  
k   32

ckx
k 5=2 . Äîìíîæèì
óðàâíåíèå (8.12) íà 2 è ïîäñòàâèì â íåãî ýòè âûðàæåíèÿ. Ïîëó÷èì òîæäåñòâî
2
1X
k=0

k   1
2

k   3
2

ckx
k 1=2   2
1X
k=0

k   1
2

ckx
k+1=2+
+
1X
k=0

k   1
2

ckx
k 1=2  
1X
k=0
ckx
k 1=2  0: (8.13)
Ñîáåðåì îòäåëüíî ñëàãàåìûå, ñîäåðæàùèå xk 1=2 è xk+1=2 :
1X
k=0

2 

k   1
2

k   3
2

+

k   1
2

  1

ckx
k 1=2 
 
1X
k=0
2 

k   1
2

ckx
k+1=2  0
èëè, ïîñëå ðàñêðûòèÿ ñêîáîê è ïðèâåäåíèÿ ïîäîáíûõ ñëàãàåìûõ,
1X
k=0
(2k   3)kckxk 1=2  
1X
k=0
(2k   1) ckxk+1=2  0:
Çàìåòèì, ÷òî â ïåðâîé ñóììå ñëàãàåìîå, ñîîòâåòñòâóþùåå k = 0, òàêæå ðàâíî
íóëþ. Êàê è â ïðåäûäóùèõ ïðèìåðàõ, ñäåëàåì â ïåðâîé ñóììå çàìåíó èíäåêñà
k = m+ 1, à âî âòîðîé k = m. Ïîëó÷èì
1X
m=0
(2m  1)(m+ 1)cm+1xm+1=2  
1X
m=0
(2m  1) cmxm+1=2  0:
Òåïåðü, ïðèðàâíÿâ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x, ïðèäåì ê ñè-
ñòåìå óðàâíåíèé
(2m  1)(m+ 1)cm+1 = (2m  1)cm; m = 0; 1; : : :
Âûáåðåì c0 = 1. Îñòàëüíûå óðàâíåíèÿ ñèñòåìû ïðèíèìàþò âèä
cm+1 =
cm
m+ 1
;
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îòêóäà ëåãêî íàõîäÿòñÿ c1 = 1, c2 =
1
2 , c3 =
1
6 , . . . . Ïî èíäóêöèè óñòàíàâ-
ëèâàåì, ÷òî cm =
1
m! . Ñëåäîâàòåëüíî, ïåðâîå ðåøåíèå óðàâíåíèÿ (8.12) èìååò
âèä
y1 = x
 1=2
1X
k=0
xk
k!
=
exp
x
:
Òåïåðü áóäåì èñêàòü ðåøåíèå, ñîîòâåòñòâóþùåå êîðíþ 2 = 1. Ïóñòü
y =
1P
k=0
ckx
k . Ïîäñòàâèì ýòîò ðÿä â óðàâíåíèå (8.12) è ïðèâåäåì ïîäîáíûå
ñëàãàåìûå. Ïîëó÷èì òîæäåñòâî
2 
1X
k=0
k(k   1)ckxk   2 
1X
k=0
kckx
k+1 +
1X
k=0
kckx
k  
1X
k=0
ckx
k  0
èëè 1X
k=0
(k   1)(2k + 1)ckxk  
1X
k=0
2kckx
k+1  0:
Çàìåòèì, ÷òî ñâîáîäíûé ÷ëåí (êîýôôèöèåíò ïðè x0) â ïåðâîé ñóììå ðàâåí
 c0 , à âî âòîðîé ñóììå âîîáùå îòñóòñòâóåò. Ýòî îçíà÷àåò, ÷òî c0 = 0. Òåïåðü
â ïåðâîé ñóììå çàìåíèì èíäåêñ ñóììèðîâàíèÿ k = m + 1, m = 0; 1; : : : .
Ïîëó÷èì
1X
m=0
m(2m+ 3)cm+1x
m+1  
1X
m=0
2mcmx
m+1  0:
Ñëàãàåìûå, ñîîòâåòñòâóþùèå m = 0, â îáåèõ ñóììàõ ðàâíû íóëþ. Ïðèðàâíÿ-
åì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ xm , m = 1; 2; : : : . Ýòî ïðèâîäèò
ê ñèñòåìå óðàâíåíèé
cm+1 =
2cm
2m+ 3
; m = 1; 2; : : :
Âûáåðåì c1 = 1, òîãäà c2 =
2
5 , c3 =
22
57 , c4 =
23
579 , è ò.ä. Ïî èíäóêöèè
ïîëó÷àåì, ÷òî
cm =
3  2m 1
(2m+ 1)!!
:
Òàêèì îáðàçîì, âòîðîå íåçàâèñèìîå ðåøåíèå óðàâíåíèÿ (8.12) èìååò âèä
y2 =
1X
k=1
3  2k 1
(2k + 1)!!
xk:
Ó÷èòûâàÿ òî, ÷òî ýòà ôóíêöèÿ íàì ñóùåñòâåííà ñ òî÷íîñòüþ äî ìíîæèòåëÿ,
óìíîæèì åå íà 2/3 è çàïèøåì îáùåå ðåøåíèå óðàâíåíèÿ â âèäå
y = C1
exp
x
+ C2 
1X
k=1
2k
(2k + 1)!!
xk:
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Çàäà÷è.
Íàéòè ðåøåíèå óðàâíåíèé â âèäå ñòåïåííûõ èëè îáîáùåííûõ ñòåïåííûõ
ðÿäîâ:
1. y0   2xy = 0; y(0) = 1:
2. y00   xy0 + y = 1; y(0) = y0(0) = 0:
3. 2x2y00 + (3x  2x2)y0   (x+ 1)y = 0:
4. y00   x2y = 0.
5. y00   xy0   2y = 0.
6. (x2 + 1)y00 + 5xy0 + 3y = 0.
Îòâåòû.
1: y =
1X
k=0
x2k
k!
= ex
2
:
2: y =
x2
2
+
1X
k=0
(2k + 1)!!
(2k + 4)!
x2k+4:
3: y1 = x
1=2 
 
1 +
1X
k=1
3  (2x)k
(2k + 3)!!
!
; y2 =
1
x

1X
k=0
xk
k!
=
ex
x
:
4: y1 = 1 +
x4
3  4 +
x8
3  4  7  8 + : : :, y2 = x+
x5
4  5 +
x9
5  5  8  9 + : : :.
5: y1 = 1 +
1X
k=1
x2k
(2k   1)!! , y2 = x+
1X
k=1
x2k+1
(2k)!!
= xex
2=2 .
6: y1 = 1 +
1X
k=1
( 1)k(2k + 1)!!
(2k)!!
 x2k = 1
(1 + x2)3=2
,
y2 = x+
1
2

1X
k=1
( 1)k(2k + 2)!!
(2k + 1)!!
 x2k+1 .
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